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Abstract: In classical DNA sequencing by hybridization it is assumed that the information obtained in the biochemical stage of the
method is a set of the /-tuples composing the target sequence. It means that the information concerning the number of the repeated
I-tuples is not available. Such an assumption was justified by the DNA chip technology constraints. However, nowadays some
approximate information about /-tuple multiplicities can be obtained in the experiments, where DNA chips are used. It was a motivation
for formulating combinatorial problems which arise when such additional information is taken into account. The goal of this paper is to
formulate and classify these problems, what should establish a good starting point for further research concerning algorithmic methods
solving DNA sequencing problems with multiplicity information. Moreover, the computational complexity of the new problems is
determined, which in most cases is analogous to the complexity of their classical counterparts.
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1. INTRODUCTION

Reading DNA sequences still remains one of the most
important problems in molecular and computational biol-
ogy. Despite the impressive progress in sequencing ge-
nomes of many species there is a need for an efficient and
not expensive method for DNA sequencing.

The two main approaches for determining the se-
quences of DNA are shotgun sequencing and sequencing
by hybridization (SBH) [5, 8, 11, 13].

In the latter method a set of /-long substrings compos-
ing the analyzed DNA string (i.e. the sequence of
nucleotides) is determined. The procedure employs one of
the fundamental properties of single stranded DNA
molecules, i.e. their ability to join to complementary
strands [14]. As it is known for over 50 years, a single
stranded DNA molecule is a sequence (note, that from the
computer science point of view it is rather string than
sequence) of elementary building blocks called nucleotides,
denoted by A, C, G, and T. According to the Watson-Crick
complementarity rule nucleotide A is complementary to T
and nucleotide C is complementary to G. From the rule it
follows that if two single stranded DNAs contain some
substrings being complementary to each other then these
DNAs may hybridize (i.e. join by hydrogen bonds) creating
a double stranded molecule.

The idea of SBH is based on the observation that an oli-
gonucleotide library, i.e. acollection of short single
stranded DNA molecules, when put into a solution of a
number of copies of single stranded target DNA, the target
molecules will hybridize to those elements of the library

which are complementary to some substring of the exam-
ined DNA. Nowadays, the oligonucleotide library is made
usually as a DNA chip [6, 9, 11]. Such a chip is a kind of
matrix divided into a number of cells, called probes, each
of them containing elements of the library of one type, i.e.
in each of the cells there is a number of identical short
DNA strands.

In the standard version of the SBH method the DNA
chip is composed of all oligonucleotides of a given length /.
In this case the number of library element types (i.e.
the number of different oligonucleotide sequences) equals
4" and it is also a number of the probes on the chip. When
such a chip is put into solution of the single stranded DNA,
the molecules will join to those probes which contain
complementary oligonucleotides. If the examined mole-
cules were radioactively or fluorescently labeled then on
the basis of the image of the chip one can get the informa-
tion about the /-tuple composition of the target DNA (i.e.
the chip is a detector of /-tuples composing the examined
DNA). This information is an output of the first, bio-
chemical stage of the SBH method.

In the second, computational stage the target sequence
is reconstructed on the basis of the information provided by
the biochemical stage. In the ideal case, i.e. when no errors
occur, this stage provides full information about the /-tuple
composition of the target DNA. In other words, one gets
aset of all types of substrings of length / occurring in
the target DNA sequence. The set is called spectrum of
a given sequence and its cardinality equals to n - / + 1,
where 7 is the length of the sequence. As one can notice,
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determining spectrum is not equivalent to determining
the whole nucleotide sequence of the examined molecules.
In order to discover this sequence one has to determine
the order of the spectrum elements in which they appear in
the examined DNA. This order is determined in the second,
computational stage of the SBH method.

As has been mentioned, the described biochemical
stage of SBH is in fact its ideal case, where no errors occur.
In practice usually two types of errors appear, i.e. the nega-
tive ones and the positive ones [1].

There are two kinds of negative errors. They may result
from imperfection of the hybridization experiment, i.e. it
may happen that in the target molecules there is a substring
complementary to oligonucleotides composing some probe
of the DNA chip, but the molecules do not hybridize to
them. In this case the information about this /-tuple is
missed, i.e. the cardinality of the obtained spectrum is less
than n - [ + 1. Another source of the negative errors are
substring repetitions occurring in the target sequence. More
precisely, if in the target DNA molecule there is a repeti-
tion of a substring of length at least /, it will not be detected
in the hybridization experiment, because due to the current
technology constraints in this experiment it is possible to
discover only the presence of a given /-tuple in the
examined DNA, but not the number of its occurrences (it is
the case of the classical SBH variant). It means that
spectrum is a set but not a multiset. In this case spectrum
cardinality is also less than n - [/ + 1. The spectrum
contains information about all types of /-tuples (i.e. all
different substrings of length /) composing the examined
DNA molecule but not about all such /-tuples.

The positive errors are also results of imperfection of
the hybridization experiment. In this case the target DNA
molecules hybridize to oligonucleotides composing some
probe of the chip which are not 100% complementary to it.
In such case spectrum will contain information about some
I-tuples which are not part of the examined sequence and
its cardinality will be greater thann - [/ + 1.

As has been mentioned, in classical SBH approach it is
assumed that the hybridization experiment provides only
information about presence or absence of a given /-tuple in
the target DNA sequence (what results in a situation where
spectrum is a set but not a multiset). This assumption is
justified by the fact that the information about /-tuple
composition of the sequenced DNA is read from an image
of the DNA chip, where the cells corresponding to /-tuples
present in the target sequence shine. So, the information is,
in some sense, binary, since the shining probe indicate the
presence of an /-tuple in the sequence while a not shining
one means that the corresponding /-tuple is not present in
the examined molecule.

Nevertheless, at least in principle, it is possible to take
into account the intensity of the shining of the chip cells.
This intensity is correlated with the number of repetitions
of agiven /-tuple in the target sequence. However, this

correlation is not simple and many factors can affect
the intensity of the chip image. Because of the current
technology constraints it is rather impossible to determine
exact numbers of /-tuple repetitions but it may be possible,
at least in the future, to determine approximate multi-
plicities of /-tuples. An additional justification of taking
into account the intensity of the chip image is the fact that
it is common practice in the analysis of the data coming
from DNA microarrays used for gene expression analysis
[12]. Here, the differences among the intensities of the cell
images are interpreted as differences among the levels of
gene expression which are equivalent to differences among
amounts of nucleic acids hybridized to the microarray cells.

It is a motivation for formulating and classifying com-
binatorial problems which may arrise in SBH approach,
where such additional information is available. These
problems must be solved in the second, computational
stage of the SBH method. Taking into account the (partial)
multiplicity information contained in the chip image makes
the input data for the computational stage of the method
more precise than in its standard version, which should
have a positive impact on the quality of the sequences
produced by the sequencing algorithms.

In the next section the multiplicity information, whose
availability is assumed in this paper, will be described. In
Sections 3, 4, and 5 three groups of sequencing problems
will be formulated. For each of the groups some precision
of the available multiplicity information is assumed.
Moreover, computational complexity of most of the prob-
lems is established. The paper ends with conclusions in
Section 6.

2. THE MULTIPLICITY INFORMATION

In what follows it is assumed that multiplicities of /-tu-
ples detected in the hybridization experiment correspond to
numbers of occurrences of these I/-tuples in the target
sequence. The accuracy of this correspondence depends on
the type of multiplicity information assumed and on the
hybridization errors which may occur (and, obviously, on
the chip technology). Moreover, as mentioned above, it is
assumed that these multiplicities are in some way propor-
tional to the intensity of chip cell signals (however, this
assumption is not important from the point of view of
the correctness of the mathematical models). Moreover, it
will be assumed that each positive error has multiplicity
equal to 1, which is a reasonable assumption, since such
an error is an oligonucleotide only partially complementary
to the target sequence and should hybridize weakly giving
a weak signal (i.e. it should not result in a signal stronger
than the one generated by an /-tuple occurring once exactly
in the target sequence).

The assumption that the number of repetitions is
proportional to the intensity of the signal is justified by
the fact that the bigger the number of repetitions of a given
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oligonucleotide, the bigger the probability that the target
sequence will hybridize to this oligonucleotide on the chip.

Let S(Q) denote the spectrum of sequence Q and let
S (Q) denote an ideal spectrum of this sequence.
The ideal spectrum contains all types of I-tuples distin-
guishable in the target sequence, but not all of these
I-tuples, which are contained in a multispectrum. Let
S Q) denote an ideal multispectrum for sequence Q.
Let us also define S (Q), which is a multispectrum for
sequence Q. S differs from S (Q) because multi-
plicity of every sequence being in S (Q) is limited in
most of the problems formulated in this paper and
the multispectrum can contain some errors, while an ideal
multispectrum cannot. For every sequence s; JS(Q) let us
define parameter m; which is equal to the number of
occurrences of s; in $™ (Q).

There are strict correlations among an ideal multi-
spectrum, a multispectrum, an ideal spectrum and a spec-
trum. Indeed, an ideal multispectrum is a multiset of all
I-tuples which compose the target sequence. A multi-
spectrum is a multiset which may contain only part of
the /-tuples being elements of an ideal multispectrum and,
in addition, it can contain some /-tuples not present in the
ideal multispectrum. So, a multispectrum corresponds to
the result of a real hybridization experiment, where some
information about repetitions of /-tuples is also available.
Finally, a spectrum is a set obtained from a multispectrum
by discarding multiplicity of /-tuples being elements of this
multiset while an ideal spectrum is obtained in the same
way from the ideal multispectrum.

In the following sections three groups of problems will
be formulated. For each of the groups some precision of
the available multiplicity information is assumed. These
assumptions are made in order to fit the models to the pos-
sible real world hybridization experiments as well as
possible. The difficulties of obtaining exact multiplicity
information are connected with the nature of the correlation
between the intensity of the chip image and the amount of
nucleic acids hybridized to the chip cells. Using current
chip technology this correlation may be determined only
approximately.

It should be noted that the decision versions of all of the
problems formulated in this chapter are in class P (which is
also the case of the classical SBH problems, see [3]).
However, the search versions of some of them, being the
most interesting from the theoretical, as well as practical
point of view, are intractable.

3. INFORMATION ABOUT MULTIPLICITY
OF THE TYPE “ONE AND MANY”

3.1. An outline

In this case any oligonucleotide may appear in a multi-
spectrum 0, 1 or 2 times. So, for any sequence s,

m; O{1,2}. The case m; = 2 is interpreted as at least two
occurrences of s; in the target sequence, if there are no
positive errors, or at least one occurrence of s; and one
positive error, when such errors are taken into account.

This type of multiplicity information corresponds to
a rather simplified situation, where the analysis of the chip
image allows for distinguishing those /-tuples which are
repeated in the target sequence, but the number of
repetitions remains unknown. Although, such information
is not very precise, it may be very useful for the target
sequence reconstruction, especially in comparison to
the standard models and algorithms, where no multiplicity
information is exploited. Moreover, information of this
type should be easy to obtain using current DNA chip
technology.

3.2. Problem without errors

If there are no errors then S(Q) =S™(Q) =" () =
=5 (0) and the problem can be formulated as follows:

Problem 1
INSTANCE: set S(Q) = S (Q), length n of sequence Q.

ANSWER: sequence Q' of length n containing all and only
those /-tuples which are elements of S(Q).

Let us observe that in this case the fact that there are no
errors means that there cannot be any repetitions of length,
at least /, in the target sequence. Otherwise, if some string
s; were repeated, parameter m; would have value 2, which
could not be unambiguously interpreted as two occurrences
of s;.

This problem is identical to the classical variant of SBH
without errors, hence it can be solved in polynomial time
using the approach proposed by Pevzner [10].

3.3. Problem with negative errors resulting
from repetitions

In this case S(Q)=S™(Q)0Ss™ QO S$"(Q) and
the problem is formulated as follows:

Problem 2

INSTANCE: set S(Q) 0 8% (Q), length n of sequence O,
parameter m; D{l, 2} for each s; 0.S(Q).

ANSWER: sequence Q' of length n containing all and only
those /-tuples which are elements of S(Q), where sequence
s; 0S(Q) appears once in Q' if m; = 1 and it appears at
least two times if m; = 2.

Let us observe that if U, 5goym7 1 then the problem
is reduced to problem 1, ie. to the problem without
repetitions and can be solved in polynomial time.

On the other hand, if [, g pym= 2, every element of
S(Q) is repeated in O and this subproblem is not equivalent
to the classical variant of SBH problem with negative
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errors resulting from repetitions only, because in the latter
one it is not known which spectrum elements are repeated.
However, these two problems are similar to each other,
since in the case where [ g ym= 2 it is known that
every s; is repeated, but the number of repetitions remains
unknown.

It is interesting that the complexity status of the
classical problem with negative errors resulting from
repetitions is an open question and it has been shown that it
is polynomially equivalent to some other well known
combinatorial problems, (i.e. exact Eulerian cycles, exact
bipartite matching and restricted exact matching) [2].
However, this problem is not a subproblem of problem 2.

3.4. Problem with negative errors resulting
from hybridization

In case of this problem S(Q)=S5""(0)0S"™ (QF
=S (). The problem formulation is as follows:

Problem 3
INSTANCE: set $(Q) 0 8% (0), length n of sequence Q.

ANSWER: sequence Q' of length n containing every element
from S(Q) exactly once and, in addition, containing some
I-tuples not present in S(Q).

Let us observe that this problem is identical with its
classical counterpart since in both of them it is assumed
that in the target sequence there are no repetitions of
substrings of length /. Hence, the information about /-tuples
multiplicity is useless in either of the problems.

Let us also note that in [7] it has been shown that some
variant of the shortest common superstring problem is
strongly NP-complete. This problem has been used for
proving strong NP-hardness of the standard SBH problem
with negative errors in [3]. For the complexity status of
problem 3 it is important that the transformation shown in
[7] is such that in the resulting superstring there are no
repetitions of substrings of length equal to the length of
the input strings. (In the superstring constructed by
the transformation there are no repeated strings of length 3
in case of unbounded alphabet. In case of three-letter
alphabet it suffices to encode character “#” by “aa...a” and
encode the other characters according to the rule proposed
by the authors. Such encoding guarantees that in the result-
ing superstring there will be no repeated substrings of
length equal to the length of input strings — see [7] for
details.) From this follows that problem 3 is NP-hard in the
strong sense.

3.5. Problem with negative errors of arbitrary types

In this case the negative errors may result from
repetitions and from imperfection of the hybridization
experiment. The relations between spectra are as follows:
S DS™0 5™(Q) and S(Q) O S™ (O $™(Q).

The problem is formulated in the following way:

Problem 4

INSTANCE: set S(Q) O S(””)(Q), length n of sequence Q,
parameter m; D{l, 2} for each s; 0.S(Q).

ANSWER: sequence Q' of length »n containing all elements
of S(Q), where s; 1S(Q) appears in Q" once if m; = 1 and
at least two times if m; = 2. Moreover, this sequence can
contain some /-tuples which are not elements of S(Q).

In case where U q5pym= 1 the problem is reduced to
problem 3, so it is strongly NP-hard. It is worth noting that
in case where [ ngoym= 2 the subproblem is not equiva-
lent to the classical SBH problem with negative errors of
general type, since here we have precise information which
I-tuples are repeated.

This problem can be also formulated in a slightly
different way:

Problem 5

INSTANCE: set S(Q) 0 8% (0), length n of sequence O,
parameter m; D{l, 2} for each s; 0.S(Q).

ANSWER: sequence Q' of length » containing all elements
of S(Q), where s; 0S(Q) appears in Q' once if m;= 1 and
at least two times if m; = 2. Moreover, this sequence
contains at least one /-tuple which is not an element of

S(Q).

In this formulation it is assumed that at least one
negative error resulting from hybridization imperfection
appears in the data. Here we have S(Q) 0 S™0 S (Q)
and S(Q)OS™ QO S (Q). This modified problem
corresponds to the situation, where it is known that errors
resulting from hybridization imperfection not only can
appear but appear really. Obviously, this problem is also
strongly NP-hard.

3.6. Problem with positive errors

In this case S ()0 SO0 ™ (Q) and S™(Q) =
=S8 (). The problem is formulated in the following
way:

Problem 6

INSTANCE: set S(Q) such that S (Q) 0 S(0Q), length n of
sequence Q, parameter m; D{l, 2} for each s; 0S(Q).

ANSWER: sequence Q' of length n such that every /-tuple
occurring in it is an element of S(Q), Q' contains every
s; 0S(Q) for which m;= 2 and there are no repeated /-tu-
plesin Q"

In case where [ gym= 1 the problem becomes
equivalent to the classical one with positive errors, since in
this case it is unknown which elements of S(Q) are positive
errors — like in the classical case. Hence, the classical
counterpart being a strongly NP-hard problem [3] is a sub-
problem of problem 6, from which follows that the latter
one is also strongly NP-hard.
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On the other hand, if [ 5pym= 2,it is known that all
S(Q) elements are present in the target sequence and at the
same time they are also positive errors (which makes sense
only in the case where multiplicity information is avail-
able), so the problem is reduced to the one without errors
and can be solved in polynomial time.

3.7. Problem with positive errors and negative
ones resulting from repetitions

The motivation for defining such a problem results
from the fact that it is possible to set biochemical condi-
tions of the hybridization experiment in such a way that the
negative hybridization error rate may be considerably
reduced. Such a setting usually results in increasing the
positive error rate. Moreover, in many cases it may be
impossible to guess if there are some /-tuple repetitions in
the examined DNA sequence.

In this case the inclusion relations between spectra are as
follows: S®(Q)0S(ON S™(Q)and S (0)0O S"(Q).
The problem is formulated in the following way:

Problem 7

INSTANCE: set S(Q) such that S (Q) 0 S(Q), length n of
sequence Q, parameter m; D{l, 2} for each s; 0.S(Q).
ANSWER: sequence Q' of length n such that every /-tuple
appearing in it is an element of S(Q) and Q' contains every
s; 0S(Q) for which m; = 2.

As one can notice, if [, g ym= 1 then the problem is
reduced to the classical SBH problem with positive errors,
hence, it is strongly NP-hard.

3.8. Problem with errors of arbitrary types

Here we have S(Q) 0 S"(Q)and S™(0)0 $™(Q).
The problem is formulated as follows:

Problem 8

INSTANCE: set S(Q), length n of sequence Q, parameter
m; 0{1, 2} for each 5, 0S(Q).

ANSWER: sequence Q' of length n such that every sequence
s; 0S(Q) appears in Q' once at the most if m; = 1 and it
appears in Q' at least once if m; = 2. Moreover, this
sequence can contain some /-tuples which are not in S(Q).

Let us observe that in case where U, g m7= 1 we
have the classical SBH problem with negative and positive
errors without repetitions of the /-tuples. Since this problem
contains the classical problems with only positive or only
negative errors following from hybridization imperfection
as subproblems, it is strongly NP-hard.

4. INFORMATION ABOUT MULTIPLICITY
OF THE TYPE “ONE, TWO AND MANY”

4.1. An outline

In this case each oligonucleotide may appear in a multi-
spectrum 0, 1, 2 or 3 times. It means that for any sequence

s;, m; O {1, 2, 3}. The case where m; = 3 means that s;
appears in the target sequence at least three times if there
are no positive errors, or it appears at least two times and,
in addition, there is one positive error (in the problems with
positive errors it is not known which of the two cases takes
place). If m; = 2 it means that the target sequence contains
exactly two occurrences of s; in case without positive
errors. If there are positive errors then m;=2 means that
the target sequence contains two occurrences of s; or one its
occurrence and one positive error (again, these two cases
are indistinguishable). If m;= 1 then s; appears exactly once
in the target sequence in case without positive errors. If
there may be positive errors in the hybridization data, m; = 1
means that the target sequence contains exactly one
occurrence of s; or there are no s; in the target sequence, but
there is a positive error in the data (again, these situations
are indistinguishable).

The multiplicity information considered in this section
is much more precise than the one assumed in the previous
section. However, here it is still assumed that only approxi-
mate multiplicity information can be deduced from the chip
image. The reason for distinguishing between one and two
occurrences of an /-tuple in the examined DNA sequence is
that in the chip image it should be relatively easily to
distinguish between light intensities corresponding to
the amount of nucleic acids coming from one and two
occurrences of an /-tuple in the target sequence. On the
other hand, it may be difficult to distinguish the intensities
corresponding to, for example, six and seven repetitions,
since the amount of DNA hybridized to a given probe is
not exactly proportional to the number of repetitions.

4.2. Problem without errors

Here, like in the analogous problem from the previous
section, we have S(Q)=S™“(Q) =S"(Q) = S“(Q), and
the problem is defined as follows:

Problem 9
INSTANCE: set S(Q) = S“(0), length n of sequence Q.

ANSWER: sequence Q' of length n containing all and only those
I-tuples which are elements of S(Q).

Obviously, this problem is identical to the classical prob-
lem without errors, so it can be solved in polynomial time.

Let us note that if the multiplicity information available
is of the type “one, two and many” it is possible to
formulate another problem without errors, where a limited
number of repetitions is allowed:

Problem 10

INSTANCE: set S(Q) = S™(Q), length n of sequence O,
parameter m; [J{1, 2} for each s; 0 S(Q).
ANSWER: sequence Q' of length n containing all and only
those /-tuples which are elements of S(Q), where every
s; 0 S(Q) appears in Q' exactly m; times.
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Here, if at the most two occurrences of an /-tuple are
present in the target sequence, the multispectrum contains
full information about the [-tuple composition of the
sequence. The relations between spectra are as follows:
5(0)=5"(©) D™ (©QF 5™(0).

This problem can be solved in polynomial time using a
modification of a standard algorithm for finding a directed
Eulerian trail (see [4] for a version for undirected graphs
which can be easily adopted to directed ones). The graph
corresponding to this problem is almost the same as
Pevzner graph for the classical problem without errors [10],
except that each arc is labeled by the value of correspond-
ing m; parameter. The modification of the standard algo-
rithm is that after traversing an arc the value of its label is
decreased by one and the arc is removed from the graph
when the value becomes zero.

4.3. Problem with negative errors resulting
from repetitions

In this case we have S(Q)=5"(0) 0S"(Q) O
S(0). The problem is formulated as follows:

Problem 11

INSTANCE: set S(Q) 0 S (Q), length n of sequence O,
parameter m; D{l, 2, 3} for each s; 0S(Q).

ANSWER: sequence Q' of length n containing all and only
those /-tuples which are elements of S(Q), where sequence
s; 0S(Q) appears exactly once in Q' if m; = 1, it appears
exactly two times in Q' if m;= 2 and it appears at least three
times in Q' if m;= 3.

Let us observe that if [ ngym= 1 the problem re-
duces to the one without repetitions. If [ rygo)m= {1, 2}
we have got problem 10. If U, ngpym= 2 we have a vari-
ant of problem 10 where each spectrum element appears
two times in the target sequence. All these subproblems are
solvable in polynomial time. If U, 5gpym= 3 it is known
that all spectrum elements have to appear in Q' at least
three times.

4.4. Problem with negative errors resulting
from hybridization

In this case the relations between spectra are as follows
$©)=5"0) 0S8 (OF $“(Q). The problem is for-
mulated in the following way:

Problem 12
INSTANCE: set S(Q) U S(is)(Q), length n of sequence Q.
ANSWER: sequence Q' of length n containing every element

from S(Q) exactly once and, in addition, containing some
I-tuples not present in S(Q).

This problem is identical to its classical counterpart
(and to problem 3 so, it is strongly NP-hard.)

Let us observe that the following variant of problem 12
can be formulated:

Problem 13

INSTANCE: set S(Q) 0 8% (Q), length n of sequence O,
parameter m; D{l, 2} for each s; 0S(Q).
ANSWER: sequence Q' of length n containing all and only
those /-tuples which are elements of S(Q), where every
s; 0S(Q) appears in Q' exactly m; times. Moreover, Q'
contains some /-tuples which are not in S(Q).

Here 5(0) 0 S™ QP $™(Q) and 5(Q)US™(0)
0 S(i'”)(Q). Let us observe that in case where
U nsoym= 1 the problem reduces to problem 12 so it is
strongly NP-hard.

4.5. Problem with negative errors of arbitrary types

In this case S(Q)OS™ @O0 $“(Q) and S(Q)O
$™©) 08" (Q). The problem is formulated as fol-
lows:

Problem 14

INSTANCE: set S(Q) 0 S (Q), length n of sequence O,
parameter m; D{l, 2, 3} for each s; 0S(Q).

ANSWER: sequence Q' of length n containing all elements
of S(Q), where sequence s; [1.S(Q) appears exactly once in
Q' if m;= 1, it appears exactly two times in Q' if m;= 2 and
it appears at least three times in Q' if m;= 3. Moreover, this
sequence can contain some /-tuples which are not elements

of S(0).

In case where U ygym= 1 the problem reduces to
the classical problem with negative errors following from
hybridization imperfectness, so it is strongly NP-hard.

Analogously as in the previous section the problem can
be also formulated in a slightly different way:

Problem 15

INSTANCE: set S(Q) 0 8™ (Q), length n of sequence O,
parameter m; D{l, 2, 3} for each s; 0S(Q).

ANSWER: sequence Q' of length n containing all elements
of S(Q), where sequence s; 1.S(Q) appears exactly once in
Q' if m;= 1, it appears exactly two times in Q' if m;= 2 and
it appears at least three times in Q' if m;= 3. Moreover, this
sequence contains at least one /-tuple which is not an
element of S(Q).

This formulation corresponds to the situation where it is
known that at least one negative error resulting from
hybridization appears in the data. In this case S(Q)[O
S 05" (Q)and S(Q) 05" (QF S (Q). Obvi-
ously, this problem is strongly NP-hard.

4.6. Problem with positive errors

In this case S™(Q) OSSO ™), ™) =
= 5™ (0) and the problem is formulated as follows:
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Problem 16

INSTANCE: set S(Q) such that S (Q) 0 S(Q), length n of
sequence Q, parameter m; D{l, 2} for each s; 0S(Q).

ANSWER: sequence Q' of length n such that every /-tuple
appearing in it is an element of S(Q), Q' contains every
s; 0S(Q) for which m; = 2 and there are no repeated
I-tuples in Q".

Let us observe that this problem is identical to problem
6 and it contains as a subproblem the classical problem
with positive errors in case where [ rg)m~ 1. Hence,
the problem is strongly NP-hard.

On the other hand, the problem could be modified in
such a way that it would be possible for some s; OS(Q) to
appear in Q' two times. But in such a case it would be, at
least in some sense, a problem with positive errors and
negative errors resulting from repetitions. The reason is
that m; = 2 would mean that either s; appears two times in
Q' or s; appears once in Q' and the second occurrence of s;
in S”(Q) would be a positive error. In such a situation it
would be not known whether there is a repetition of s; in Q'
or not. So, we would have an error resulting from
repetition.

Let us observe that the following variant of the problem
can be formulated:

Problem 17

INSTANCE: set S(Q) such that ™ (Q) O S(Q), length n of
sequence Q, parameter m; D{l, 2, 3} for each s; 0S(Q).

ANSWER: sequence Q' of length n such that every /-tuple
appearing in it is an element of S(Q) and if for s; 0S(Q),
m; = 2 then Q' contains at least one occurrence of s; and if
m;=3 then Q' contains two occurrences of s;.

Here, we have S (0)0 80 $™(Q) and % (Q)
05" (Q). In case where [, nsoym= 1 the problem
reduces to the classical problem with only positive errors,
hence, it is strongly NP-hard.

4.7. Problem with positive errors and negative ones
resulting from repetitions

In this case the inclusion relations between spectra are as
follows: S™Q)OS(OX S"™(Q) and S (Q) O ™ ().
The problem is formulated in the following way:

Problem 18

INSTANCE: set S(Q) such that $™ (Q) 0 S(Q), length n of
sequence Q, parameter m; D{l, 2, 3} for each s; 0S(Q).

ANSWER: sequence Q' of length n such that every /-tuple
appearing in it is an element of S(Q) and if for s; OS(Q),

m; = 2 then Q' contains at least one occurrence of s; and if
m;=3 then Q' contains at least two occurrences of s;.

If U pgoym= 1 the problem reduces to the classical

SBH problem with positive errors, hence, it is strongly
NP-hard.

4.8. Problem with errors of arbitrary types

In this case S(Q) 0 S™(Q) and S Q)0 S™ Q)
and the problem is formulated in the following way:

Problem 19

INSTANCE: set S(Q), length n of sequence Q, parameter
m; 0{1,2,3} for s, 0S(Q).

ANSWER: sequence Q' of length n such that every sequence
s; 0S(Q) appears in Q' once at the most if m; = 1, it
appears once or two times in Q' if m; =2, and s; appears in
Q' at least two times if m; = 3. Moreover, this sequence can
contain some /-tuples which are not in S(Q).

If U, nggym= 1 the problem reduces to the classical
one with negative and positive errors without repetitions
(like in case of problem 8) so, it is strongly NP-hard.

5. COMPLETE MULTIPLICITY INFORMATION
5.1. An outline

Here we assume that full multiplicity information is
available. This assumption is rather unrealistic from the
viewpoint of current DNA chip technology, but it seems to
be possible to distinguish more multiplicities than “one,
two and many” considered in the previous section. More-
over, it is reasonable to expect that, as the chip technology
evolves, the information possible to extract from the chip
image will become more and more precise.

In case of multiplicity information whose availability is
assumed in this section each /-tuple can appear in a multi-
spectrum an arbitrary number of times. For every
s; 0.S(Q) parameter m; is defined whose value is equal to a
multiplicity of s; in S™. Let us also observe that in this case
the problem with negative errors resulting from repetitions
does not make sense, since a multispectrum contains full
information about all occurrences of every /-tuple in the target
sequence (if there are no hybridization errors, that is).

5.2. Problem without errors

In this case, like in the previous sections we have
5(0)=8®(0) =5 (Q) =5 (Q) and the problem can
be formulated in the following way:

Problem 20

INSTANCE: set S(Q) =S (0), length n of sequence Q.

ANSWER: sequence Q' of length n containing all and only
those /-tuples which are elements of S(Q).

Obviously, this problem is identical to the classical
problem without errors and can be solved in polynomial time.
However, if the full multiplicity information is available,
the problem with an arbitrary number of repetitions is also the
problem without errors and can be defined as follows:

Problem 21

INSTANCE: set S(Q) =S(is)(Q), length n of sequence Q,
parameter m; D{l, 2,0, K 1} for each s; 0S(Q).
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ANSWER: sequence Q' of length n containing all and only
those /-tuples which are elements of S(Q), where every
s; 0S(Q) appears in Q' exactly m; times.

Here we have the relations S(Q)=S")(Q) 0 S (Qx
=8 (). 1t is easy to see that problem 21 contains prob-
lem 20 as a subproblem in the case where U, q5oym= 1.
This more general problem without errors can also be
solved in polynomial time using the modified algorithm for
finding a directed Eulerian trail proposed to solve problem
10. In this case each arc in the Pevzner graph is labeled by
the value of corresponding m; parameter, which in this case
can be inthe range 1, 2, ..., n—1[ +1.

5.3. Problem with negative errors resulting
from repetitions

As has been mentioned above this problem does not
make sense when the full multiplicity information is available.

5.4. Problem with negative errors resulting
from hybridization

The inclusion relations between spectra in this case are as
follows: $(0)=8"/(0) 0 S"(OF S“)(Q) and the prob-
lem is defined in the following way:

Problem 22

INSTANCE: set S(Q) 0 8 (Q), length n of sequence Q.
ANSWER: sequence Q' of length n containing every element
from S(Q) exactly once and, in addition, containing some
I-tuples not present in S(Q).

The problem is identical to its classical counterpart, so
it is strongly NP-hard. Here, like in the previous section
another variant of the problem can be defined:

Problem 23

INSTANCE: set S(Q) 0 8™ (Q), length n of sequence O,
parameter m; D{l, 2, ...,k 1} for each s; 0S(Q).

ANSWER: sequence Q' of length n containing all and only
those /-tuples which are elements of S(Q), where every
s; 0S(Q) appears in Q' exactly m; times. Moreover, Q'
contains some /-tuples which are not in S(Q).

In this case andS(Q) O SO S$“(Q) and
S@O S $™(Q). When [ 5pym= 1 the prob-
lem reduces to problem 22, hence, it is strongly NP-hard.

5.5. Problem with negative errors of arbitrary types

Let us observe that in case where the complete multi-
plicity information is available the problem is identical to the
one with negative errors resulting from hybridization, since
there cannot be any errors resulting from /-tuple repetitions.

5.6. Problem with positive errors

In this case S (0) 0 S(QD S (Q) and §(Q) =
=5 Q) and the problem is formulated in the following
way:

Problem 24

INSTANCE: set S(Q) such that S (Q) 0 S(Q), length n of
sequence O, parameter m; {1, 2} for each s; U S(Q).

ANSWER: sequence Q' of length n such that every /-tuple
appearing in it is an element of S(Q) and Q' contains every
s; 0S8(Q) for which m;=2.

It is easy to note that in case where L gm= 1
the problem reduces to the classical SBH problem with
positive errors, hence, it is strongly NP-hard.

Let us also observe that in case of full multiplicity
information available a variant of the above problem can be
formulated, where some /-tuple repetitions are allowed:

Problem 25

INSTANCE: set S(Q) such that ™ (Q) O S(Q), length n
of sequence Q, parameter m, D{l, 2,...m K 1} for each
s; 0S(0).

ANSWER: sequence Q' of length n such that every /-tuple
appearing in it is an element of S(Q) and every s; 0S(Q)
has to appear in Q' m; — 1 or m; times.

Here we have S Q)0 SO0 S (Q) and S (Q)
g S(i'”)(Q). Obviously, this problem reduces to problem
24 if O,qgym= {1,2} which results in its strong NP-
hardness.

Problem with positive errors and negative ones
resulting from repetitions

If the full multiplicity information is available this
problem does not make sense.

5.7. Problem with errors of arbitrary types

In this case the inclusion relations are as follows:
S(0)0S™(Q) and S ()0 S"™(Q). The problem is
formulated in the following way:

Problem 26

INSTANCE: set S(Q), length n of sequence Q, parameter
m; 0{1,2,..., = & 1} foreach 5; 0S(Q).

ANSWER: sequence Q' of length n such that every sequence
s; 0S(Q) appears in Q' m; - 1 or m; times. Moreover, this
sequence can contain some /-tuples which are not in S(Q).

If O nggym= 1 the problem reduces to the classical
one with negative and positive errors without repetitions
(similarly like in the case of problems 8 and 19) so, it is
strongly NP-hard.

CONCLUSIONS

In this paper the classical SBH problems with and
without errors have been reformulated in such a way that
some information about multiplicity of spectrum elements
is taken into account. To the best of our knowledge
problems of this type have not been considered in
the literature so far. In classical approaches to SBH the
multiplicity information is assumed not to be available,
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which was caused by the DNA chip technology constraints.
However, the rapid development of this technology leads to
an improvement of the quality of results obtained in the
experiments based on DNA chips. In particular, at least an
approximate relative amount of nucleic acids hybridized to
chip probes can be estimated, which is a common practice
in gene expression analysis (where also DNA chips are
used).

The computational complexity of the new problems is,
in most cases, analogous to the complexity of their classical
counterparts. On the other hand, the additional information
available should have a positive impact on the quality of
results provided by the algorithms solving the new prob-
lems (in the sense of a similarity of these results to the real
target DNA sequences). Such algorithms are the subject of
our future research in this area. As the computational com-
plexity results suggest, they should be heuristic or some
efficient in average case enumeration methods, like branch
and bound algorithms.
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