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Abstract: We study the properties of time evolution of the K 0-g° system in spectral formulation. Within the one-pole model we find

the exact form of the diagonal matrix elements of the

effective Hamiltonian for this system. It appears that, contrary to the

Lee-Oehme-Yang (LOY) result, these exact diagonal matrix elements are different if the total system is CPT-invariant but

CP-noninvariant.
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1. INTRODUCTION

The realistic model of the pair of unstable neutral
particles (neutral K mesons) is discussed. The model is
based on the assumed properties of the spectral function
defining the evolution operator. It is assumed that this
spectral function describing the mass distribution has
the Breit-Wigner form. This allows one to express the ma-
trix elements of the evolution operator in terms of the com-
binations of exponential integral functions. Then, these
matrix elements of the evolution operator are used to
calculate the matrix elements of the effective Hamiltonian
governing the evolution of a two-state quantum system
corresponding to the K — K mesons and similar systems.

The aim of the paper was to find the analytic expression
for the difference of the diagonal elements of the effective
Hamiltonian with the use of the exponential integral
functions. As a result, the relatively complex physical
model has been reduced to a form which can be immedi-
ately used for computer simulations exploring the behav-
iour of this very important difference with the change in
time (f), given the numerical values of the parameters
characterising the system (mass, lifetime efc.).

Furthermore, a method for extracting asymptotic values
of observable parameters (like the difference mentioned
above) from general, analytic expressions, in the case of
two quantum objects with very different lifetimes, has been
developed.

The computational methods used are of universal char-
acter and might be used outside the elementary particles.
As our main interest is the research of the behaviour of the
exact expressions describing the system, symbolic methods
were used. Additionally, some of the parts of the system
are of highly oscillatory nature, so purely numerical
methods might be inappropriate here.

This paper is addressed not only to high energies
physicists but also to physicists who are searching for
properties of two or more levels (or particles) systems in
atomic or molecular physics, efc. The problem of the CPT
invariance or the CPT noninvariance applies not only in
the case of neutral mesons but also, for example, in the
case of electron-positron pairs [1]. For this reason Section
Preliminaries (based on [2]) appears in the paper. This
Section familiarizes Readers with the mentioned problem.

The computational part was carried out with the use of
a symbolic package, namely Mathematica, and the func-
tional-objective characteristics of its programming lan-
guage were fully used. The symbolic approach enabled us
to use both the objects and methods built into Mathematica
(like the exponential integral functions, the asymptotic
procedures efc.) as well as define our own objects and sym-
bolic methods used in the calculations (like the effective
meson vectors with scalar products, norms, the operation of
the effective Hamiltonian efc.). Whenever we failed to
come up with a suitable symbolic method, the object was
wrapped and left intact.

This approach has the advantage that all calculations
are carried out exactly, perhaps leaving some parts une-
valuated and thus avoiding approximations. Mathematica
gives its user the possibility to generate code in a low-level
language (C, Fortran), so now, having arrived at the final
formulae it will be simple to produce efficient and fast, and
at the same time as exact as possible, numerical programs
for investigating various neutral mesons on various
time-scales and in various conditions.

The paper is organized as follows. In Sec. 2 we review
briefly the Lee-Oehme-Yang and other methods of descrip-
tion of neutral K system. Section 3 describes the spectral
model of time evolution in neutral mesons subspace. In
Sec. 4 the difference of the diagonal matrix elements of the
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effective Hamiltonian is calculated. The concluions are
contained in Sec. 5.

2. PRELIMINARIES

Following the LOY approach, a nonhermitian Ham-
iltonian H, is usually used to study the properties of the
particle-antiparticle unstable system [3-7]

i
H =M -—T, 1

where

M=M", T=1" )
are (2 x 2) matrices acting in a two-dimensional subspace
H, of the total state space H . The M-matrix is called the
mass matrix and I is the decay matrix. Lee, Oehme and
Yang derived their approximate effective Hamiltonian
H, =H,,, by adapting the one-dimensional Weisskopf-
-Wigner (WW) method to the two-dimensional case cor-
responding to the neutral kaon system.

Almost all properties of this system can be described by
solving the Schrodinger-like equation [3-6]

0
Z'E|l//;t>” = HH |¢/;l>” s (t >4, > _oo) G)

(where we have used # = ¢ = 1) with the initial conditions
st =1,), 1= |@st <g5), =0, @)

for |¢;t:t0>” belonging to the subspace of states |
(H, C'H), spanned by, e.g., orthonormal neutral kaons
states K’ and K°. The solutions of Eq. (3) may be written
in a matrix form, which may be used to define the time
evolution operator U, (#) acting in subspace H,

@) =U0len =0) =U0lg). O

where
@), = a|1)+a,|2) ©)

and |1> denotes particle “1” — in the present case |K°>
whereas |2> corresponds to the antiparticle state for
particle “1”: LE°>, <j|k>:5jk,j,k:1,2. It is usually
assumed that the real parts of the diagonal matrix elements
of H, namely R(),

OhyE M, (F 1,2), ™)

where

b =il [k) Gk =12) ®)

correspond to the masses of the particle “1” and its
antiparticle “2” [3-7]. %() is the imaginary part of %

Ohy BT 5 (F 1,2) ©

and [, are interpreted as the decay widths of the particles.
According to the standard result of the LOY approach, in
a CPT invariant system, i.e. when

OHO ! =H, (10)

(where © = CPT, H = H' is the Hamiltonian of the total
system under consideration) we have
Y = Y (11)
The universal properties of the unstable particle-
-antiparticle subsystem described by the H fulfilling
the condition (10), may be investigated by using the matrix
elements of the exact U|, instead of the approximate one
used in the LOY theory. The exact U, can be written as
follows

U,(1) = PU()P, (12)

where
P=[1)(1]+[2)(2

and U(¢) is the exact evolution operator acting in the whole
state space. This operator is the solution of the Schrodinger
equation

, (13)

.0
laU(l‘)|¢> =HU®)| @, U©0) =1 (14)
1 is the unit operator in the H space and |¢)>E| @ty= 0>€ H
is the initial state of the system.

In the remaining part of the paper we will be using the
following matrix representation of the evolution operator
A(t) 0)

(15)

U|(’)E( 0 0

where 0 denotes the zero submatrices of the suitable
dimension, and the A(t) is a (2 x 2) matrix acting in H,

Ay, (1) Alz(f)j

16
Ay (1) Ay (D) 10

A@) = [

where
A ) =(lU,0 k) =(lUOIK) (j.k=1,2). (7

Assuming that the property (10) holds and using the
following definitions

ol1)=e™2), ©J2)=e"|1), (18)
it can be shown that

Ay (1) = Ay (D). (19)
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A very important relation between the amplitudes 4, (¢)
and 4,,(¢) follows from the famous Khalfin Theorem [8-10]

)
Ay (1)
General conclusions concerning the properties of the ma-

trix elements of H, can be drawn by analyzing the follow-
ing identity [2, 5]

r(t) (20)

= const Er:|r|:l.

0A(?)
ot

. -1
H (1) =i [A@)] . 1)

Using Eq. (21) we can easily find the general formulae
for the diagonal matrix elements /;, of H (¢) and next
assuming (10) and using relation (19) which follows from

our earlier assumptions, we get
hy () = hyy (1) =

_ i (aAZI(t)
det A(t)\ o

04,,(?) (22)

ot

App(8) -

A21(t)}

In [2] it was shown, by using relation (22), that this result
means that in the considered case (with CPT conserved) for
t >0 we get the following theorem
A, (t
by () = hy(H) =0 = A2® _ onet
Ay,(1)

(t>0). (23)

Thus, for #>0 the problem under study is reduced to
the Khalfin Theorem (see relation (20)) [2].

Having noticed this, let us now turn our attention to
the conclusions following from Khalfin’s Theorem. CP
noninvariance requires that |r| =1 [3-6, 8, 10, 12, 13]. This
means that in this case the following condition must be
fulfilled: » = r(¢) = const. Consequently, if in the consid-
ered system property (10) holds, but at the same time

[cP, H]#0 (24)

and the unstable states “1” 1 “2” are connected by (18), then
in this system for ¢ >0 [2]

hyy(2) =hyp(2) 0. (25)

So, in the exact quantum theory the difference (4, ,(f)—h,(?))
cannot be equal to zero with CPT conserved and CP
violated.

3. AMODEL: ONE POLE APPROXIMATION

While describing the two and three pion decay we are
mostly interested in the |KS> and |K L) superposition of
K°) and |IZ °>. These states correspond to the physical
K) and |KL> neutral kaon states [13, 14]

|Ks) :p‘K°>+q‘E°>, K, :p‘K0> —q‘l?‘)). 26)

Using the spectral formalism we can write an unstable state

|/1 (t)) as

|A0) =] q(1)) @, (q), @7
q

where |q(t)> =e¢"|gq), vectors |g) form a complete set
of eigenvectors of the hermitian, quantum-mechanical
Hamiltonian H and @(q):<q|/l>. If the continuous
eigenvalue is denoted by m, we can define the survival
amplitude A(¢) (or the transition amplitude in the case
K° < K") of) in the following way:

A= [ dme™ pm),

Spec(H)

(28)

where the integral extends over the whole spectrum of the
Hamiltonian and density 0(m) is defined as follows

p(m) =|aw, (m)|’, (29)

where w,(m) = <m| /1>.

In accordance with formula (27) the unstable states K
and K; may now be written as a superposition of the
eigenkets

|Kg) = [dm" @y o (m)] g (m); (30)
0 a
|K,) [ dm o, 5(m)| gs(m)) (31)
o B
The Breit-Wigner ansatz [15]
r 1
Ppw (m) = ET—FZ = |0.{I’I1)|2 (32)

2
(m mo) +7

leads to the well known exponential decay law which
follows from the survival amplitude

- K —imt — ~imgt _%FM
Ay (1) = Idme Py (m)=e e > .

—00

(33)

(Note that the existence of the ground state induces non-
-exponential corrections to the decay law and to the sur-
vival amplitude (33) — see [13]). It is therefore reasonable
to assume a suitable form for & ; and @), ,. More specifi-
cally, we write [13]

s As p (KS - ,6’)

w =
s,,e(m) o B Ls s

(34
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where A4 , and A4, ; are decay (transition) amplitudes,
and thus

2

px,ﬂ(m) = (35)

r_x (Axﬁ (Kx - ,3))
2

wherex =L, S.
In the one-pole approximation (34) Apop0(?) can be
conveniently written as

AKOK“ (t) = AIZ“[?U (t) =

) g iysty © iysty
= —L e imgt J. + J‘ € +
271 y2+1 o Vil
(36)
’thy © —iyty
—im, €

1! y + d

J. E'). 2 +1

Collecting only exponential terms in (36) one obtains an
expression analogous to the WW approximation [13]

AK”KU (t) = AEUEO (t) =
1

_ —imgt _—Yst o —imt _—y,t
—E(e sSe s +e e L)+NKUK0(t).

37

Here N ., (7) denotes all non-oscillatory terms contained
in an exponential integral function E; appearing in the inte-
gral (36).

4. DIAGONAL MATRIX ELEMENTS
OF THE EFFECTIVE HAMILTONIAN

Using the decomposition of type (37) and the one-pole
ansatz (34), we find the difference (25), which is now for-
mulated for the K° -K° system. Here it has the following
form:

X(@)
h ()= hy(t 38
10 —hy(t) = Y@ (3%)
where
6A70 0 0 0
X(l‘):l(L(t) oKa( ) %() KoKﬂ(t)j (39)
and
Y(#) = Agogo (1) Agogo (1) = Ao o () Agogeo (2)- (40)

Using the above mentioned spectral formulae in the one-
pole approximation (34) we get A ozo (1) and Ao o (1)

e Mt o Vst 1+

1+

A=
e =5

_|_ _’_eﬂmLt =yt 1+

—2iy,C, (41)

Vs

VW

L

/

+ 2iy,C; = D+F] ||} + Ny (),

where the expression N o0 (1) is non-oscillatory terms con-
taining the exponential integral function E; and it has
following form

_ 1 —imgt _—yst .
Noogo (1) = 87lp'q {e e 5 E, (yst+zm5t) 1+
. 1 ,
ySyL _2lCI +— _Fl +
Vs
_’_e*””Lt —th <y t+lmL ) 1 +
1
+ Vs ¥, |2C, +—| =D/ +F/
L
+ e "' E, (—ygt +imgt)|1 + (42)
1
+ Vs ¥, [2iC, +—| =D/ +F/||| +
S
_’_e—imLteVLfEi (—th+lle> —1 —+
1
+ sy |2iC +7[D,’F,’] }
L
and
1 .
K KO( )_ + ]T* [e—zmste—ygl 1+

L Wk [ZinC, —~ D] +F]

S

+ e*imltefylt _1_"_
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Aaa [—21'ch, +D]—F]

Vi

|+
(43)
+ NI?OKO (t)n

where N, ,(7) denotes all non-oscillatory terms of the

form similar to (42) and C,, Dy, F,' are defined in [13].
Using the expression for the derivative of E; we can

find the derivatives which will be necessary for the

following calculations EMKEO “ and ME;"; @.

aAKoko(t): 14+ o imst Vst
ot 87p’q

—img — s+

2i C, — D] +F, ||+

Tk

+e MM im, —y, + (44)

+ Vs, [Zi %iC, + D] —F/

|+
+ANK0EO (t)

where ANKOEO (t) is defined as follows

AN 00 (1) = S leimS’eVS’Ei (Vst +imgt)| —img+
—Vs Ve ki {Zi KC, =D/ +F[ ||+
+e " e E (v t +im,t)|im, — y, +
+ W[—zi yC,+D]—F] ||+ (45)
+ e "N E (—yst +imgt) | img — Y +
+ ﬂ[—zi;@c, — D] +F] ||+

+eMIME, (_Vzt+imLt>[_imL T

}.

R [Zi ¥C, + D/ —F]

and

—img — Vs +

aAEoKo (t) _ 14+ o imst Vst
ot 871p’q

+ VsVL[—Zz‘ySC,—I—D,/—F,/ +

+e e im, —y, + (46)

TVsh

2iy,C, — D/ +F!

|+

where analogous to (45) AN () denotes all non-
-oscillatory terms. The correctness of expressions (41)-(46)
was checked using Mathematica.

The states |K L> and |KS> are superpositions of |K 0>
and |E OZ. The lifetimes of particles |K L) and |K S> may be
denoted by 7, and 7, respectively, T, :y—‘L:5.183-10"8s
being much longer than 7, = y% =0.8923-10""s.

Below we calculate the difference (38) for ¢ ~ 7,

X(t~1,)
Y(t~1,)
If we only consider the long living states |K L) we may
drop all the terms containing e /%' i, as they are
neglifible in comparison with elements involving the factor

+ANEOK0 (t)’

hll(t ~ TL)_hzz(f ~T)= 47)

e ™|, . We also drop all the non-oscillatory terms
Ny @O Neooo 0 Ny (1) present in A, , (1),
AEOKO () and AKOEO (¢), that is in integrals (36), (41) and
(43), because they are extremally small in the region of
time ¢~71, [13, 16, 17]. Similarly, because of the proper-
ties of the exponential integral function E;, we can drop
terms like AN_, , and ANKOEO present in Mf% (44) and
Mg:“” (46). This conclusion follows from the asymptotic
properties of the exponential integral function E; (see
formulae (53) in Appendix A) and the fact that ANI?OKO’
ANKOEO contain only expressions proportional to E.
Simply, from (53) it follows that terms of type e "E,(x)
are negligible in comparison with e™* for |x] — oo and
Rex > 0.

We may now %g}octllate the proq)ljcotf AKOKO (Z)AEOEO ),
AKOEO(t)AEOKO(t)a : o (t)AKOEo(t): 5 (t)AEnKo(t)’ which,
after using the above mentioned properties of N oo ),
AN 00 (t) and performing some algebraic transforma-

tiong, leads to the following form of the difference (47)

217/
It ~T,) = I ~T,) :(ﬁj GVZ; £0, (48

T +2 7+

where
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2=l T s

4

+Ys £4an +yi{—D}2 ~F;* +4D| F, J +  (49)
L

+4iC, (D} -F H 20

W=2(—C1mL +D; —F] j+
(50)

L

+{—4C,yL +%[—D} +F; H 0

5. FINAL REMARKS

Our results presented in the present paper have shown
that in a CPT invariant and CP noninvariant system in
the case of the exactly solvable one-pole model, the
diagonal matrix elements do not have to be equal. In
the general case the diagonal elements depend on time and
their difference, for example at ¢ ~71,, is different from
zero. Z and W in (48) are different from zero, so the dif-
ference (hll(t)—hzz(t))|t~n = (. From this observation a
conclusion of major importance can be drawn, namely that
the measurement of the mass difference (mygo —mpgo)
should not be used while designing CPT invariance tests.
This runs counter to the general conclusions following
from the Lee, Ochme and Yang theory.

A detailed analysis of h,(¢),(j,k=1,2) shows that
the non-oscillatory elements N, ;(¢), AN, 4(t)  (where
a,B =K’ K") is the source of the non-zero difference
(M, (t) — hy, (1)) in the model considered. It is not difficult
to verify that dropping all the terms of N, ;(#), AN, ;(¢)
type in the formula for (/,(t)—hy,(t)) gives
(WY (1) —hy (1)) =0, where A7 (1), (j=1,2), stands for
h,;(¢) without the non-oscillatory terms.

The result (4,(t)—hy,(t))=0 seems to be very
important as it has been obtained within the exactly
solvable one-pole model based on the Breit-Wigner ansatz,
i.e. the same model as used by Lee, Ochme and Yang.

The next future step is to search for properties of
(M, (t) —hy,(¢)) for time varying from =0 to ¢>7,.
This problem one can solve using Mathematica or other
computer programs.
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Appendix A

This appendix contains the relevant properties of
the exponential integral function E; used in this paper.

The exponential integral function E; is defined in
the following way [13, 16]

00 e—xt
E,(xxy) = te*¥ j dt—,
0o V¥
We can use the very convenient asymptotic properties of E;
given in [17]

Op 0, » 0. (51)

E;(0) = —oo,
E;(o0) = oo,
Ey(w) =0,

E (i) =i,
E;(—io) = 71,

(52)

E;(x) has following asymptotical expressions for |x| — 00
(see formulae 5.1.51 in [17])

. |
E;(x) ~ ex {1 —i +% —..}, (|argx| < %ﬂj (53)
X

These properties of E; have been used to obtain the final
result (48)-(50).

In our calculations we have also used the formula for
the derivative of E;. Its final, general form is given below

dE;(£xy) _ l ot
dx X

. (54)
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