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Abstract: This paper begins with a discussion of the general form and general CP- and CPT- transformation properties of the Lee-Oehme- 
-Yang (LOY) effective Hamiltonian for the neutral kaon complex. Next, the properties of the exact effective Hamiltonian determined by 
the properties of the exact transition amplitudes for this complex are discussed. Using the Khalfin Theorem we show that contrary to 
the standard result of the LOY theory, the diagonal matrix elements of the effective Hamiltonian governing the time evolution in the 
subspace of states of an unstable particle and its antiparticle need not be equal at for t > t0 (t0 is the instant of creation of the pair) when the 
total system under consideration is CPT invariant but CP noninvariant. The unusual consequence of this result is that, contrary to the 
properties of stable particles, the masses of the unstable particle “1” and its antiparticle “2” need not be equal for t o t0 in the case of 
preserved CPT and violated CP symmetries. We also show that there exists an approximation which is more accurate than the LOY, and 
which leads to an effective Hamiltonian whose diagonal matrix elements posses properties consistent with the conclusions for the exact 
effective Hamiltonian described above. 
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1. INTRODUCTION 
 The question under which symmetry transformations 
physical laws are invariant belongs to the class of fundamen-
tal and universal physical problems. Properties of physical 
systems determined by so-called discrete symmetries such as 
P  (parity), C  (charge conjugation), T  (time reversal) and 

,CP  CPT  transformations are considered as especially 
important. The problem of testing CPT-invariance experimen-
tally has attracted the attention of physicist, practically since 
the discovery of antiparticles. CPT symmetry is a 
fundamental theorem of axiomatic quantum field theory 
which follows from locality, Lorentz invariance, and unitarity 
[1]. Many tests of CPT-invariance consist in searching for 
decay process of neutral kaons, that is 0K  and 0K  mesons. 
The standard approach to searching for the properties of the 

0K , 0K  and similar, two particle, subsystems makes use of 
more or less accurate approximate methods to solve evolution 
equation for such subsystems. A typical example of such 
methods is Weisskopf-Wigner (WW) approximation [2]. All 
intermediate steps of WW approximation leading to the final 
formulae describing the time evolution of unstable particles are 
rather far from mathematical precision. What is more, attempts 
to confront the predicted properties of the considered systems, 
obtained within the use of such approximate methods, with those 
following from the analytical properties of the exact solutions of 
the quantum evolution equation are rather sporadic. These 
analytical properties can be extracted from properties of the 
transition amplitudes 

  ( ) ( ) ,A t U tαβ α β=  (1) 

where , ,α β ∈ H  H  is the Hilbert state space of the total 
system considered, and U(t) is the total unitary evolution 
equation solving the Schrödinger equation 

  ( ) ( ) , (0) ,i U t HU t U I
t

φ φ∂ = =
∂

 (2) 

(we use =  = c = 1 units), I is the unit operator in ,H  
0; 0tφ φ≡ = ∈ H  is the initial state of the system, (in our 

case ; ( ) ),t U tφ φ= and H is the total (selfadjoint) Hamil-
tonian, acting in .H 
 Amplitudes ( )A tαβ  can be expressed in terms of the en-
ergy (mass) densities ( )mαβρ  as follows 

  
Spec( )

( ) ( ) ,imt

H

A t m e dmαβ αβρ −= ∫  (3) 

Assuming that the exact properties of real systems containing 
neutral kaons are described by the exact solutions of Eq. (2), 
properties of amplitudes ( )A tαβ  following, eg., from CP  or 
CPT  invariance of H, can be used to examine properties of 
some parameters describing the unstable particles considered 
and obtained by means of approximate methods of calcula-
tions [3, 4]. Moreover amplitudes ( )A tαβ  are convenient for 
numerical simulations of time evolution of the states 
considered: It is sufficient to assume the form of the densities 
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( )mαβρ  and then to use computer methods to find ( )A tαβ  as 
a function of time t. 
 All known CP- and hypothetically possible CPT-violation 
effects in the neutral kaon complex are described by solving 
the Schrödinger-like evolution equation [5-12] 

  ; ;i t H t
t

ψ ψ∂ =
∂ && &  (4) 

for ; tψ &  belonging to the subspace ,⊂H H&  e.g., spanned 
by orthonormal neutral kaons states 0 0, ,K K ∈ H and so 
on, (then states corresponding to the decay products belong to 

),⊥−H H H&○ def
=  and nonhermitian effective Hamiltonian H&  

obtained usually by means of the Lee-Oehme-Yang (LOY) 
approach (within the WW approximation) [5-8, 12]: 

  ,
2
iH M≡ − Γ&  (5) 

where 

  , ,M M + += Γ = Γ  (6) 

are (2× 2) matrices. 
 The solutions of Eq. (4) can be written in matrix form and 
such a matrix defines the evolution operator (which is usually 
nonunitary) ( )U t& acting in :H&  

  def
0; ( ) ; 0 ( ) ,t U t t U tψ ψ ψ= = =& && &&  (7) 

where, 

  1 2 ,q qψ ≡ +1 2&  (8) 

and 1 | stands for the vectors of the 0 0, ,K B  type and 
2  denotes antiparticles of particle “1”: 0 0, ,K B  

,jkδ=j k   j, k =1, 2.  
 In many papers it is assumed that the real parts, (.),ℜ  of 
the diagonal matrix elements of :H&  

  ( ) , ( 1, 2)jj jjh M jℜ ≡ =  (9) 

where 

  , ( , 1, 2),jkh H j k= =j k&  (10) 

correspond to the masses of particle “1” and its antiparticle 
“2” respectively [5-12], (and such an interpretation of 11( )hℜ  
and 22( )hℜ  will be used in this paper), whereas the 
imaginary parts, (.),ℑ  

  2 ( ) , ( 1, 2),jj jjh j− ℑ ≡ Γ =  (11) 

are interpreted as the decay widths of these particles [5-12]. 
Such an interpretation seems to be consistent with the recent 
and the early experimental data for the neutral kaon and 
similar complexes [13]. 
 Relations between matrix elements of H&  implied by CP- 
and CPT-transformation properties of the Hamiltonian H of 

the total system, containing neutral kaon complex as a sub-
system, are crucial to designing CPT-invariance and CP-vio-
lation tests and to proper interpretation of their results. 
 The aim of this paper was to show how the matrix ele-
ments of the exact H&  can be calculated using amplitudes 

( ).A tαβ  Then to examine properties of these matrix elements 
of the exact H&  generated by the CP- or CPT-symmetry of 
the total system and by analytical properties of ( )A tαβ . Note 
that expressing H&  in terms of ( )A tαβ  also allows one to use 
the same numerical methods to simulate properties of ( )A tαβ  
as well as matrix elements of .H& The aim of the paper was 
also to propose and to discus a more accurate approximation 
than the LOY approximation. Starting from the exact evolu-
tion equation for a given n-dimensional subspace H&  of H it 
is shown how to obtain mathematically well defined formulae 
for H&  by using this equation. This new approximation is 
more accurate than the WW and the LOY approximations and 
can be applied not only for the searching for properties of 
neutral mesons but also in the case of general multi-level 
(multi-particle) subsystems. In general the computational 
methods described are of universal character and might be 
used outside the elementary particles. 
 The paper is organized as follows. In Sec. 2 we review 
briefly the Lee-Oehme-Yang methods of description of 
the neutral K subsystem. Sec. 3 describes connections be-
tween the exact amplitudes ( )A tαβ  and matrix elements of 
the exact effective Hamiltonian H&  and implications of 
the CPT-invariance of the total system for the properties of 
the diagonal matrix elements, (h11 ! h22), of the exact H& . In 
Sec. 4 the new approximation mentioned above is discussed. 
Sec. 5 contains final remarks. 
 

2. HLOY AND CPT-SYMMETRY 
 Now, let us consider briefly some properties of the LOY 
model. In this case the initial condition for the Eq. (2) has 
the following form 

  .φ ψ≡ &  (12) 

Let P denote the projection operator onto the subspace :H&  

  2, ,P P P P+= = =H H&  (13) 

then the subspace of decay products ⊥H  equals 

  ( ) def , .I P Q Q I P⊥ = − = ≡ −H H H  (14) 

For the case of neutral kaons or neutral B-mesons, etc., 
the projector P can be chosen as follows: 

  ,P ≡ +1 1 2 2  (15) 

and the definition of 0K  and 0K  is analogous to the one 
used in the LOY theory for corresponding vectors. In 
the LOY approach it is assumed that vectors 1 , 2  consid-
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ered above are eigenstates of (0)H  for a 2-fold degenerate 
eigenvalue m0: 

  (0)
0 , 1, 2,H m j= =j j  (16) 

where (0)H  is the so called free Hamiltonian, (0)H  / Hstrong = 
= H ! HW, and HW denotes weak and other interactions which 
are responsible for transitions between the eigenvectors of 

(0) ,H  i.e., for the decay process. This means that 

  (0), 0.P H  =   (17) 

 The condition guaranteeing the occurrence of transitions 
between subspaces H&  and ,⊥H  i.e., the decay process of 
states in H& , can be written as follows 

  [ ], 0,WP H ≠  (18) 

that is 

  [ ], 0.P H ≠  (19) 

Usually, in LOY and related approaches, it is assumed that 

  (0) 1 (0) (0) ,H H H
+−Θ Θ = ≡  (20) 

where Θ is the antiunitary operator: 

  
def

.Θ = CPT (21) 

The subspace of neutral kaons H&  is assumed to be invariant 
under Θ: 

  1 .P P P− +Θ Θ = ≡  (22) 

 In the kaon rest frame, the time evolution is governed by 
the Schrödinger equation (2), where the initial state of 
the system has the form (12), (8). Within assumptions (16)-
(18) the Weisskopf-Wigner approach, which is the source of 
the LOY method, leads to the following formula for HLOY 
(e.g., see [5-7, 12]): 

  ( ) ( )LOY 0 0 0 ,H m P m PHP m= − Σ ≡ − Σ  (23) 

                                       LOY LOY2
iM= − Γ  (24) 

where it has been assumed that 0W WH H ∗= =1 2 1 2  
(see [5-12]), 

  ( ) 1 .
0

PHQ QHP
QHQ i

ε
ε

Σ =
− −

 (25) 

The matrix elements jkH LOY  of HLOY are 

  LOY
0( ), ( , 1, 2),jk jk jkh H m j k= − Σ =  (26) 

                      LOY LOY

2jk jk
iM= − Γ  (27) 

where, in this case,  

(0)
0( ) ,jk W jk WH H H H m Hδ= ≡ + ≡j k j k j k (28) 

and ( ) ( ) .jk ε εΣ = Σj k  
 Now, if 1 ,W W WH H H− +Θ Θ = ≡ that is if 

  [ ], 0,HΘ =  (29) 

then using, e.g., the following phase convention [6-12] 

  def def, ,Θ = − Θ = −1 2 2 1  (30) 

and taking into account that ,ψ ϕ ϕ ψ= Θ Θ  one easily 
finds from (23)-(28) that 

  LOY LOY
11 22 0,h h

Θ Θ
− =  (31) 

and thus 

  LOY LOY
11 22 ,M M=  (32) 

(where LOY
jkh

Θ

denotes the matrix elements of LOYH Θ – of 
the LOY effective Hamiltonian when the relation (29) holds), 
in the CPT-invariant system. This is the standard result of 
the LOY approach and this is the picture which one meets in 
the literature [5-11]. 
 If it is assumed that the CPT-symmetry is not conserved in 
the physical system under consideration, i.e., that 

  [ ], 0,HΘ ≠  (33) 

then 11 22 .LOY LOYh h≠  
 It is convenient to express the difference between LOYH Θ  
and the effective Hamiltonian HLOY appearing within the 
LOY approach in the case of nonconserved CPT-symmetry as 
follows 

  LOY LOY LOYH H HδΘ≡ + =  (34) 

( ) ( )

( ) ( )

1 1
12 120 0 22 2 2

1 1* *
0 012 12 2 2 22

ii

ii

MM M

M MM

δ δ

δ δ

 − Γ+ − Γ + Γ

=

 − − Γ − Γ− Γ 

. 

In other words 

  LOY LOY LOY ,jk jk jkh h h
Θ

= + ∆  (35) 

where 

  ( ) 1LOY
,

11
2 2

j
jk jk

ih Mδ δ δ+  ∆ = − − Γ 
 

 (36) 

and j, k = 1, 2. Within this approach the δM and δΓ terms 
violate the CPT-symmetry.  
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3. CPT AND THE EXACT EFFECTIVE 
HAMILTONIAN 

 The aim of this Section is to show that, contrary to 
the LOY conclusion (31), the diagonal matrix elements of 
the exact effective Hamiltonian H&  can not be equal when 
the total system under consideration is CPT invariant but CP 
noninvariant. This will be done by means of the method used 
in [14].  
 The universal properties of the (unstable) particle-anti-
particle subsystem of the system described by the 
Hamiltonian H, for which the relation (29) holds, can be 
extracted from the matrix elements of the exact ( )U t&  
appearing in (7). Such ( )U t&  has the following form 

  ( ) ( ) ,U t PU t P=&  (37) 

where P is defined by the relation (15), and U(t) is the total 
unitary evolution operator U(t), which solves the Schrödinger 
equation (2). Of course, U||(t) has a nontrivial form only if 
(19) holds, and only then transitions of states from H&  into 

⊥H  and vice versa, i.e., decay and regeneration processes, are 
allowed. 
 Using the matrix representation one finds 

  
( )

( )
t

U t
 

≡   
 

A 0

0 0&  (38) 

where 0 denotes the suitable zero submatrices and a 
submatrix A(t) is the (2 ×  2) matrix acting in H&  

  11 12

21 22

( ) ( )
( )

( ) ( )

A t A t
t

A t A t

 
=   
 

A  (39) 

and ( ) ( ) ( ) , ( , 1, 2)jkA t U t U t j k= ≡ =j k j k& (see (1)). 
In the case of n-dimensional H&  the submatrix A(t) is the 
(n ×  n) matrix. 
 Now, assuming (29) and using the phase convention (30), 
[5-8], one easily finds that [10, 3, 15, 17] 

  11 22( ) ( ).A t A t=  (40) 

Note that assumptions (29) and (30) give no relations between 
A12(t) and A21(t). 
 The important relation between amplitudes A12(t) and 
A21(t) follows from the famous Khalfin’s Theorem [10, 15- 
-17]. This Theorem states that in the case of unstable states, if 
amplitudes A12(t) and A21(t) have the same time dependence  

  
def 12

21

( )
( ) const ,

( )
A t

r t r
A t

= = ≡  (41) 

there must be r  = 1. 
 For unstable particles relation (40) means that the decay 
laws 

  
2def

( ) ( ) ,j jjp t A t=  (42) 

(where j = 1, 2), of the particle 1  and its antiparticle 2 are 
equal, 

  1 2( ) ( ).p t p t≡  (43) 

The consequence of this last property is that the decay rates of 
the particle 1  and its antiparticle 2  must be equal too.  
 From (40) it does not follow that the masses of particle 
“1” and the antiparticle “2” should be equal. 
 More conclusions about the properties of the matrix 
elements of H&  one can infer analyzing the following identity 
[18-23] 

  
1( )

( ) ( ) ,
U t

H H t i U t
t

−∂
 ≡ =  ∂

&
& & &  (44) 

where 1[ ( )]U t −
&  is defined as follows 

  
1 1

( ) ( ) ( ) ( ) .U t U t U t U t P
− −

   = =   & & & &  (45) 

(Note that the identity (44) holds, independent of whether 
[P, H] ≠  0 or [P, H] = 0). The expression (44) can be 
rewritten using the matrix A(t) 

  [ ] 1( )( ) ( ) .tH t i t
t

−∂≡
∂
A A&  (46) 

Relations (44), (46) must be fulfilled by the exact as well as 
by every approximate effective Hamiltonian governing the 
time evolution in every two dimensional subspace H&  of 
states H  [18-23]. 
 It is easy to find from (46) the general formulae for the di-
agonal matrix elements, hjj, of ( ),H t&  in which we are inter-
ested. We have 

11 12
11 22 21

( ) ( )
( ) ( ) ( ) ,

det ( )
A t A tih t A t A t

t t t
∂ ∂ = − ∂ ∂ A

     (47) 

21 22
22 12 11

( ) ( )
( ) ( ) ( ) .

det ( )
A t A tih t A t A t

t t t
∂ ∂ = − + ∂ ∂ A

 (48) 

Now, assuming (29) and using the consequence (40) of this 
assumption, one finds 

21 12
11 22 12 21

( ) ( )
( ) ( ) ( ) ( )

det ( )
A t A tih t h t A t A t

t t t
∂ ∂ − = − ∂ ∂ A

  (49) 

Next, after some algebra one obtains 

  12 21 12
11 22

21

( ) ( ) ( )
( ) ( ) ln .

det ( ) ( )
A t A t A t

h t h t i
t t A t

 ∂− = −  ∂  A
 (50) 

This result means that in the considered case for t > 0 the fol-
lowing Theorem holds: 

12
11 22

21

( )
( ) ( ) 0 const., ( 0).

( )
A t

h t h t t
A t

− = ⇔ = >  (51) 
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Thus for t > 0 the problem under study is reduced to the Khal-
fin’s Theorem (see the relation (41)). 
 From (47) and (48) it is easy to see that at t = 0 

  (0) , ( 1, 2),jjh H j= =j j  (52) 

which means that in a CPT invariant system (29) in the case 
of pairs of unstable particles, for which transformations of 
type (30) hold 

  11 22(0) (0) ,M M H= ≡ 1 1  (53) 

the unstable particles “1” and “2” are created at t = t0 ≡  0 as 
particles with equal masses. 
 Now let us go on to analyze the conclusions following 
from the Khalfin’s Theorem. CP noninvariance requires that 

1r ≠  [3, 10, 15, 17] (see also [5-7, 13]). This means that in 
such a case there must be ( ) const.r r t≡ ≠  So, if in the 
system considered the property (29) holds but 

  [ ], 0,H ≠CP  (54) 

and the unstable states “1” and “2” are connected by a 
relation of type (30), then at t > 0 it must be 

11 22( ( ) ( )) 0h t h t− ≠ in this system. Assuming the LOY 
interpretation of ( ( )),jjh tℜ  (j = 1, 2), one can conclude from 
the Khalfin’s Theorem and from the property (51) that if 

12( )A t , 21( ) 0A t ≠  for t > 0 and if the total system considered is 
CPT-invariant, but CP-noninvariant, then 11 22( ) ( )M t M t≠  for t 
> 0, that is, that contrary to the case of stable particles (the bound 
states), the masses of the simultaneously created unstable 
particle “1” and its antiparticle “2”, which are connected by the 
relation (30), need not be equal for t > t0 = 0. Of course, such a 
conclusion contradicts the standard LOY result (31), (32). 
However, one should remember that the LOY description of 
neutral K mesons and similar complexes is only an approximate 
one, and that the LOY approximation is not perfect. On the other 
hand the relation (51) and the Khalfin’s Theorem follow from 
the basic principles of the quantum theory and are rigorous. 
Consequently, their implications should also be considered 
rigorous. 
 

4. BEYOND THE WW AND LOY 
APPROXIMATIONS 

 The approximate formulae for ( )H t&  have been derived in 
[24, 25] using the Krolikowski-Rzewuski equation for 
the projection of a state vector [26], which results from 
the Schrödinger equation (2) for the total system under 
consideration, and, in the case of the initial conditions of the 
type (12), takes the following form  

   
0

( ) ( ) ( ) ,i PHP U t i K t U d
t

ψ τ τ ψ τ
∞∂ − = − − ∂  ∫& && &  (55) 

where (0) ,U P=&   
  ( )( ) ( ) exp ,K t t PHQ itQHQ QHP= Θ −  (56) 

and ( ) {1 for 0, 0 for 0}.t t tΘ = ≥ <   
 The integro-differential equation (55) can be replaced by 
the following differential one (see [19-26]) 

  ( ) ( ) 0,i PHP V t U t
t

ψ∂ − − = ∂ 
& & &  (57) 

where 

  
def

( ) ( ).PHP V t H t+ =& &  (58) 

Taking into account (55) and (57) or (4) one finds from (7) 
and (55) 

   ( ) def

0

( ) ( ) ( ) ( ).*V t U t i K t U d iK U tτ τ τ
∞

= − − = −∫& & & &  (59) 

(Here the asterisk, * , denotes the convolution: ( )*f g t =  

0
( ) ( ) ).f t g dτ τ τ

∞
= −∫ Next, using this relation and a retarded 
Green’s operator G(t) for the equation ((55) 

  ( ) ( ) exp( ) ,G t i t iPHP P= − Θ −  (60) 

one obtains [24, 25] 

  (0)
*

1
( ) 1 ( ) ( ),* * *n

n
U t i L L U t

∞

=

 
= + − 
 

∑& &…  (61) 

where L is convoluted n times, * *1 1 ( ) ( ),t tδ≡ ≡  

  ( ) ( ),*L t G K t=  (62) 

  (0) exp( )U itPHP P= −&  (63) 

is a “free” solution of Eq. (55). Thus from (59) 

  (0)
*

1
( ) ( ) 1 ( ) ( ),* * **n

n
V t U t iK i L L U t

∞

=

 
= − + − 

 
∑& & &… (64) 

Of course, the series (61), (64) are convergent if ( ) 1.L t <& &  
If for every t ≥  0 

  ( ) 1,L t& & �  (65) 

then, to the lowest order of L(t), one finds from (64) [24, 25] 

    [ ]def(1)

0

( ) ( ) ( ) exp ( ) .V t V t i K t i t PHP dτ τ τ
∞

≅ = − − −∫& &  (66) 

Thus [21, 23-25] 

 (0) , (0) 0, ( 0) .H PHP V V t itPHQHP≡ = → −& & & � (67) 

 Now let us consider a general case of n-dimensional 
subspace H& . Vectors from such subspaces describe states of 
n-level (n-particle) subsystems. The only problem is to 
calculate P exp [itPHP] in (66) for the case of dim(H& ) = n. 
Note that it is convenient to consider such H&  as the subspace 
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spanned by a set of orthonormal vectors 1{ } ,n
j j= ∈e H  

.j k jkδ=e e  Then the projection operator P defining this 
subspace (see (13)) can be expressed as follows 

  
1

.
n

j j
j

P
=

=∑ e e  (68) 

 The operator PHP is selfadjoint, so the (n ×  n) matrix 
representing PHP in the subspace H&  is Hermitian matrix. 
Solving the eigenvalue problem for this matrix, 

  , ( 1, 2, ),j j jPHP j nλ λ λ= = …  (69) 

one obtains the eigenvalues *,j jλ λ=  and eigenvectors ,jλ  
(j = 1, 2, ..., n). Here for simplicity we assume that 

1 2λ λ≠ ≠… ≠ 1nλ λ≠ ≠… etc. In other words it is assumed 
that all λj are nondegenerate and thus all jλ  must be ortho-
gonal, 

  , ( , 1, 2, ),j k j j jk j k nλ λ λ λ δ= = …  (70) 

By means of these eigenvectors one can define new 
projection operators, 

  
def 1 , ( 1, 2, ).j j j

j j

P j nλ λ
λ λ

= = …  (71) 

The property (70) of the solution of the eigenvalue problem 
for PHP considered implies that 

  , ( 1, 2, ),j k j jkP P P j nδ= = …  (72) 

and that the completeness requirement for the subspaceH&  

  
1

,
n

j
j

P P
=

=∑  (73) 

holds. Now, using the projectors Pj one can write 

  
1

,
n

j j
j

PHP Pλ
=

=∑  (74) 

and 

  
1

.j
n

ititPHP
j

j
Pe P e Pλ++

=
= ∑  (75) 

 This last relation is the solution for the problem of finding 
P exp [itPHP] in the considered case of nondegenerate λj and 
leads to the following formula for ( ),V t&  

( )( )(1)
.

1 0

( ) ( ) j
tn

i t QHQ
j

j
V t V t i PHQ e QHPd Pτ λ τ− − −

=
= −∑∫& &�  (76) 

A computation of the value of this integral can be easy per-
formed and yields 

  
( )

(1)
,

1

1( )
jit QHQn

j
jj

eV t PHQ QHP P
QHQ

λ

λ

− −

=

−= −
−∑&  (77) 

which leads to def (1)lim ( ),tV V t→∞=& &  

  
1

( ) ,
n

j j
j

V Pλ
=

= − Σ∑&  (78) 

(where ( )λΣ  is defined by the formula (25). This solves 
the problem of finding the effective Hamiltonian 

  ,H PHP V≡ +& &  (79) 

(where lim ( ))tV V t→∞=& &  governing the time evolution in 
the n-state subspace H&  of the total state space .H  
 The simplest case is when the operator PHP has n-fold 
degenerate eigenvalue λ0, that is when def

1 2 nλ λ λ= = = =…  
0.λ=  Then 

  
( )0(1)

0

1( ) ,
it QHQeV t PHQ QHP
QHQ

λ

λ

− − −= −
−&  (80) 

which gives 

  0( ).V λ= −Σ&  (81) 

 The most interesting cases seem to be the cases when 
the eigenvalues λj of PHP are k-fold degenerate, where k < n. 
Then the form of V|| differs from (78) and (81). 
 So, let 1 2, , , kλ λ λ…  be the nondegenerate eigenvalues for 
PHP and def

1 2 .k k nλ λ λ λ+ += = = =…  Then  

  
1 1

,
k k

j j j
j j

PHP P P Pλ λ
= =

 
= + −  

 
∑ ∑  (82) 

(here Pj is given by the formula (71)) and 

  
1 1

.j
k k

ititPHP it
j j

j j
Pe P e P P P P eλ λ++

= =

 
= + −  

 
∑ ∑  (83) 

Using this last relation and the general formula (66) for V||(t) 
and then taking t → ∞  one finds 

  ( )
1 1

( ) .
k k

j j j
j j

V P P Pλ λ
= =

 
= − Σ − Σ −  

 
∑ ∑&  (84) 

The other cases, e.g. of type 1 2 3 4 5 6λ λ λ λ λ λ= ≠ = ≠ ≠ ≠…  
,nλ≠  etc., will be discussed in future papers. 

 Now let us pass on to n =2 case, i.e. to the case of two-di-
mensional subspace H& , which can be applied to the prob-
lems discussed in Sec. 2 and 3. So, if the projector P is 
defined as in (15) and H has the following property 

  0 ,PHP m P≡  (85) 

that is for 

  12 21 0,H H= =  (86) 
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the approximate formula (66) for ( )V t&  leads to the following 
form of ,itPHPPe  

  0 ,itmitPHPPe Pe=  (87) 

and thus to 

  
0( )

(1)

0

1( ) ,
it QHQ meV t PHQ QHP
QHQ m

− − −= −
−&  (88) 

which leads to 

  ( )
0lim ( ).t

t
V V m

→∞
= = −Σ& &  (89) 

This means that in the case (85) 

  0 0( ) ,H m P m= − Σ&  (90) 

and H&  = HLOY. 
 On the other hand, in the case 

  *
12 21 0,H H= ≠  (91) 

the form of itPHPPe  is more complicated. For example in 
the case of conserved CPT, formula (66) leads to the follow-
ing form of def (1)lim ( )tV V t→∞=& &  [12, 27]. 

 

( )

( )

0
0 12

12 12

0
0 12

12 12

1 11
2

1 11 ,
2

H
V H H P PHP

H H

H
H H P PHP

H H

Θ   
= − Σ + − + +      

  
− Σ − + −      

&

 (92) 

where 

  ( )def
0 11 22

1 ,
2

H H H= +  (93) 

and V Θ
&  denotes V&  when (29) occurs. 

 In the general case (91), when there are no assumptions on 
symmetries of the type CP-, T-, or CPT-symmetry for the 
total Hamiltonian H of the system considered, the form of 

(1)( ) ( )V V t V= → ∞ ≅ ∞& & &  is even more complicated. In such 
a case one finds the following expressions for the matrix 
elements def( )jk jkv t v→ ∞ =  of V&  [24, 25], 

( ) ( )

( ) ( )

1 1 0 1 0

21 21
2 0 2 0

2 2 0 2 0

12 12
1 0 1 0

(94)

1 11 ( ) 1 ( )
2 2

,                           
2 2

1 11 ( ) 1 ( )
2 2

,
2 2

z z
j j j

j j

z z
j j j

j j

H Hv H H

H H
H H

H H
v H H

H H
H H

κ κ
κ κ

κ κ
κ κ

κ κ
κ κ

κ κ
κ κ

   = − + Σ + − − Σ − +   
   

− Σ + + Σ −

   = − − Σ + − + Σ − +   
   

− Σ + + Σ −

where j, k = 1, 2, 

  ( )11 22
1 ,
2zH H H= −  (95) 

and 

  ( )1/ 22 2
12 .zH Hκ = +  (96) 

Hence, by (58) 

  .jk jk jkh H v= +  (97) 

It should be emphasized that all components of the expres-
sions (94) are of the same order with respect to ( ).εΣ  
 In the case of preserved CPT-symmetry (29), one 
finds 11 22H H=  which implies that 12 ,Hκ ≡  0zH ≡  and 

0 11 22 ,H H H≡ ≡  and [24, 25]. 

  ( ) ( ) ( )def* * *
11 22 0 .ε ε ε ε ε εΣ = ≡ Σ = = Σ =  (98) 

 Therefore matrix elements jkvΘ  of operator V Θ
& take the 

following form 

( ) ( )

( ) ( )

( ) ( ){

( ) ( )

1 1 0 12 1 0 12

21 21
2 0 12 2 0 12

12 12

2 2 0 12 2 0 12

12 12
1 0 12 1 0 12

12 12

1
2

,

1
2

,

j j j

j j

j j j

j j

v H H H H

H H
H H H H

H H

v H H H H

H H
H H H H

H H

Θ

Θ

= − Σ + + Σ − +


+ Σ + − Σ − 


= − Σ + + Σ − +


+ Σ + − Σ − 


 (99) 

Assuming 

  12 0 ,H H�  (100) 

we find 
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  ( )
0

2
1 1 0 21

( )
,j

j j
x H

x
v H H

x
Θ

=

∂Σ
−Σ −

∂
�  (101) 

  ( )
0

1
2 2 0 12

( )
,j

j j
x H

x
v H H

x
Θ

=

∂Σ
−Σ −

∂
�  (102) 

where j = 1, 2. One should stress that due to the presence of 
resonance terms, derivatives ( )jkx

x∂
∂ ∑  need not be small and 

the same is true about products ( )jk jkx
H x∂

∂
Σ  in (101), (102). 

Finally, assuming that (100) holds and using relations (101), 
(102), (97) and the expression (26), we obtain for the CPT-in-
variant system [28, 29]  

 
0

def2LOY LOY
1 1 21 1 1

( )
,j

j j j j
x H

x
h h H h h

x
δΘ

=

∂Σ
− = +

∂
�  (103) 

 
0

def1LOY LOY
2 2 12 2 2

( )
,j

j j j j
x H

x
h h H h h

x
δΘ

=

∂Σ
− = +

∂
�

 (104) 

where j = 1, 2. From these formulae we conclude that, e.g., 
the difference between the diagonal matrix elements of H Θ

&  
which plays an important role in designing CPT-invariance 
tests for the neutral kaons system, equals 

0 0

21 12
22 12 21

def
11

( ) ( )
0.

x H x H

x x
H H

x x
h h h

= =

∂Σ ∂Σ
− ≠

∂ ∂
∆ = − � (105) 

The conclusions following from this property are discussed in 
details in [29]. 
 

5. FINAL REMARKS 
 In the case of conserved CPT- and violated CP-symme-
tries there must be 

  11 22 0( ) ( ) 0 for 0,h t h t t tΘ Θ− ≠ > =   

and, 11 22(0) (0) ,h h H= = 1 1  for the exact .H&  
 Note that properties of the more accurate approximation 
described in Sec. 4 are consistent with the general properties 
and conclusions obtained in Sec. 3 for the exact effective 
Hamiltonian – compare (67) and (52) and relations (51) with 
(105). 
 From the result (105) it follows that ∆h = 0 can be 
achieved only if H12 = H21 = 0. This means that if the first 
order |∆S| = 2 interactions are forbidden in the 0 0,K K  com-
plex then predictions following from the use of the mentioned 
more accurate approximation and from the LOY theory 
should lead to the same masses for K0 and for 0.K  This does 
not contradict the results of Sec. 3 derived for the exact H||: 
the mass difference is very, very small and should arise at 
higher orders of the more accurate approximation. 

 On the other hand from (105) it follows that 0h∆ ≠  if and 
only if 12 0.H ≠  This means that if measurable deviations 
from the LOY predictions concerning the masses of, e.g. 

0 0,K K  mesons are ever detected, then the most plausible 
interpretation of this result will be the existence of first order 
|∆S| = 2 interactions in the system considered. 

The formulae (78), (79), (81) and (84), and the like, can 
be used to searching for solutions of equations governing 
the time evolution of n-level (n-particle) complexes. It seems 
that the cases when some eigenvalues λj of PHP acting in 
n-dimensional H&  are degenerate, can be especially interest-
ing (these cases will be investigated in future papers). In 
general the Schrödinger like evolution equations of the type 
(4) with H&  given by (79) and (78), (81) or (84) can lead to 
more the accurate description of properties of n-level physical 
subsystems. 
 

References 
[1] W. Pauli, in: Niels Bohr and the Developmnet of Physics. ed. 

W. Pauli (Pergamon Press, London, 1955), pp. 30-51. 
G. Luders, Ann. Phys. (NY) 2, 1 (1957). R. Jost, Helv. Phys. 
Acta 30, 409 (1957). R. F. Streater and A. S. Wightman, CPT, 
Spin, Statistics and All That (Benjamin, New York, 1964). 
N. N. Bogolubov, A. A. Logunov and I. T. Todorov, Introd-
uction to Axiomatic Field Theory (Benjamin, New York, 
1975). 

[2] V. F. Weisskopf and E. T. Wigner, Z. Phys. 63, 54 (1930);  
65, 18 (1930). 

[3] M. Nowakowski, Int. J. Mod. Phys. A 14, 589 (1999). 
[4] J. Jankiewicz, Acta. Phys. Polon. B 36, 1901 (2005),; hep-

ph/0506118. 
[5] T. D. Lee, R. Oehme and C. N. Yang, Phys. Rev. 106, 340 

(1957). 
[6] T. D. Lee and C. S. Wu, Annual Review of Nuclear Science, 

16, 471 (1966). Ed.: M. K. Gaillard and M. Nikolic, Weak 
Interactions, (INPN et de Physique des Particules, Paris, 
1977); Chapt. 5, Appendix A. S. M. Bilenkij, Particles and 
nucleus, vol. 1. No 1 (Dubna 1970), p. 227 [in Russian]. 
P. K. Kabir, The CP-puzzle, Academic Press, New York 
1968. 

[7] J. W. Cronin, Rev. Mod. Phys. 53, 373 (1981). J. W. Cronin, 
Acta Phys. Polon., B 15,  419 (1984). V. V. Barmin, et al., 
Nucl. Phys. B 247, 293 (1984). L. Lavoura, Ann. Phys. (NY), 
207, 428 (1991). C. Buchanan, et al., Phys. Rev. D 45, 4088 
(1992). C. O. Dib and R. D. Peccei, Phys. Rev., D 46, 2265 
(1992). R. D. Peccei, CP and CPT Violation: Status and 
Prospects, Preprint UCLA/93/TEP/19, University of Cali-
fornia, June 1993. 

[8] E. D. Comins and P. H. Bucksbaum, Weak interactions of 
Leptons and Quarks, (Cambridge University Press, 1983). 
T. P. Cheng and L. F. Li, Gauge Theory of Elementary Parti-
cle Physics, (Clarendon, Oxford 1984). 

[9] Yu. V. Novozhilov, Introduction to the Theory of Elementary 
Particles (Nauka, Moskow 1972), (in Russian). W. M. Gibson 
and B. R. Pollard, Symmetry Principles in Elementary 
Particle Physics (Cambridge University Press, 1976). 

[10] C. B. Chiu and E. C. G. Sudarshan, Phys. Rev. D 42, 3712 
(1990); E. C. G. Sudarshan, C. B. Chiu and G. Bhamathi, 
Unstable Systems in Generalized Quantum Theory, Preprint 
DOE-40757-023 and CPP-93-23, University of Texas, 
October 1993. 



CPT and effective Hamiltonians for neutral kaon and similar complexes 71

[11] L. Maiani, The Second Dafine Physics Handbook, vol. 1, Eds. 
L. Maiani, G. Pancheri and N. Paver, SIS-Pubblicazioni, 
INFN-LNF, Frascati,  pp. 3- 26 (1995). 

[12] K. Urbanowski and J. Piskorski, Improved Lee, Oehme and 
Yang approximation, Preprint of the Pedagogical University 
No WSP-IF 98-51, Zielona Góra, March 1998, physics/-
/9803030; Found. Phys. 30, 839 (2000). 

[13] Review of Particle Physics, The European Physical Journal, C 
15, No 1-4 (2000). 

[14] K. Urbanowski, Physics Letters B 540, 89 (2002); hep-
ph/0201272. 

[15] L. A. Khalfin, Preprints of the University of Texas at Austin: 
New Results on the CP-violation problem, (Report DOE-
ER40200-211, Feb. 1990); A new CP-violation effect and 
a new possibility for investigation of decay modes, (Report 
DOE-ER40200-247, Feb. 1991). 

[16] P. K. Kabir and A. Pilaftsis, Phys. Rev. A 53, 66 (1996). 
[17] L. A. Khalfin, Foundations of Physics, 27, 1549 (1997) and 

references one can find therein. 

[18] L. P. Horwitz and J. P. Marchand, Helv. Phys. Acta 42, 801 
(1969). 

[19] K. Urbanowski, Bull. de L’Acad. Polon. Sci.: Ser. sci. phys. 
astron., 27, 155 (1979). 

[20] K. Urbanowski, Acta Phys. Polon. B 14, 485 (1983). 
[21] K. Urbanowski, Int. J. Mod. Phys. A 7, 6299 (1992). K. Urba-

nowski, Phys. Lett. A 171, 151 (1992). 
[22] K. Urbanowski, Phys. Lett. B 313, 374 (1993). 
[23] K. Urbanowski, Phys. Rev. A 50, 2847 (1994). 
[24] K. Urbanowski, Int. J. Mod. Phys. A 8, 3721 (1993). 
[25] K. Urbanowski, Int. J. Mod. Phys. A 10, 1151 (1995). 
[26] W. Krolikowski and J. Rzewuski, Bull. Acad. Polon. Sci. 4, 

19 (1956); W. Krolikowski and J. Rzewuski, Nuovo. Cim. B 
25, 739 (1975) and refernces therein. 

[27] J. Piskorski, Acta Phys. Polon., B 31, 773 (2000). 
[28] K. Urbanowski, Int. J. Mod. Phys. A 13, 965 (1998).  
[29] K. Urbanowski, Acta Phys. Polon. B 35, 2069 (2004); hep-

ph/0202253. 
 

1 
 

KRZYSZTOF URBANOWSKI Education: Wrocław University – MSc (1973), PhD (1977); St-Petersburg State 
University – Dr hab. (1993). Activities: Theoretical physics – mathematical methods in physics, single and 
successive multiple measurements in quantum mechanics, early time and long time properties of quantum 
evolution, unstable states, CP and CPT symmetries in neutral meson complexes, evolution equations for neutral 
meson and multiparticle complexes. 

 
 
 

                                                           
COMPUTATIONAL METHODS IN SCIENCE AND TECHNOLOGY 11(1),  63-71 (2005) 


