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Abstract: The continuum-thermodynamical approach is proposed for describing mechanical and diffusive processes in bodies with
microstructure. Different physical states of admixture particles in a local body structure are taken into account. Features of a stressed-

deformable state are discussed on an example of diffusive saturation of a layer in this case.
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I. INTRODUCTION

A local microscopic structure of real solid bodies
significantly influences the process of admixture particle
diffusion [1]. These particles are in different physical states
when they occupy different positions in a structure of solid
solutions, polycrystalline bodies or fine-grained media (for
example, in different kinds of interstices of solid solutions
or on a boundary and in space of a grain of polycrystalline
body, etc.). In these states admixture particles are charac-
terized by distinct concentration coefficients and mobilities.

In a macroscopic description of mechanical and
diffusion processes in such bodies we can frequently be
restricted to consideration of two different states of
admixture particles. It is in agreement with different diffu-
sion coefficients. Such a mass transfer process is ac-
companied by admixture transition from one state into
another. In this case mechanical stresses caused by the

redistribution of admixture particles depend not only on the
gradients of their concentrations, but also on their local
distribution between the states.

The continuum approach describing processes of dif-
fusion by two ways was proposed in paper [2]. Certain
generalizations and mathematical aspects of the continuum
approach applications were considered in works [3-5].
Almost simultaneously a more general continuum-thermo-
dynamical approach was formulated in articles [6, 7]. Con-
tinuum representations [8] and methods of non-equilibrium
thermodynamics [9] were used for modelling constitutive
equations. Such investigations are summed up in mono-
graph [10].

Certain generalization of the continuum-thermodyna-
mical approach to the description of mechanical and dif-
fusive processes in bodies with microstructure is presented
below, as well as the results of investigating the processes
in a layer. A number of non-classical distributions are
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quantitatively described for admixture concentration and
corresponding contributions of concentrations into stresses.
Areas of applicability for approximate models are estab-
lished, in particular, for the models with effective charac-
teristics.

II. REFERENCE POSITIONS

Let us assume that a body is inserted into the three-
dimensional Euclidean space referring to the rectangular
Cartesian set of coordinates {x,} with the frame (0,1, ),
here i, form the orthonormal base (& =1,2,3).

In a macroscopic description a body is considered as
a spatially heterogeneous three component thermodynamical
system K*. As a component we take particles of the basic
material K¥ forming a deformable matrix, and admixture
particles in different physical states K¥ and K} (ad-
mixture consists of particles of one chemical kind).
Continuum K; (i = 0, 1, 2) is assigned to each component
K* of the body. And the whole body is associated with
a continuum of mass centres K, [11]. Then the processes of
deformation and heat transfer are described with the use of
kinematic characteristics of continuum K,.. The diffusion
processes are treated as motion of points of continuums K
relative to the points of continuum K..

We assume the hypothesis of local thermodynamical
equilibrium [11, 12]. The local state of the system is de-
fined by values of conjugate thermodynamical parameters:
absolute temperature 7 and the entropy s; density the
components of the Cauchy stress tensor o and the
components of the deformation tensor ¢, (a, f=1,2,3);
the chemical potentials ' and the mass concentrations of
the body componentsC, (C,=p,/p, where p, is the
density of the component i, p=Zp, is the total density of
the system).

The state parameters define the change of the internal
energy density u. Taking into account XC, =1, we write
the corresponding Gibbs equation in the form [10, 13]

du = Tds +120“ﬂdgaﬂ +Y pdC,
P 1)
(a,=1,2,3 i=12),

where g, = u,'—p," is the relative chemical potential of
admixture particles in the state i.

Let us assume now the internal energy density u as a ther-
modynamical potential, i.e. we suppose the functional
dependence u = u(s, &,5 Ci) is known. Then from the
Gibbs equation (1) we obtain the general form of the state
equations

Ou b ou ou
=—, o = p_’ ﬂi [
Os &Saﬂ oC. (2)

i

T

(. =123 i=1,2).
Then the dependences

T:T( s,gaﬁ,C,.), o =¥ (s,gaﬁ,C,.),
A3)
= 4(5.6,5.C) (=123 i=12)

that follow from Egs. (2), are used in a linearized form.
From the laws of conservation of mass, momentum, and
energy we obtain [10]

Ldp_ G5, p% 9.5 (s G=12)
p dr dr
dv -
—=V-6- Vy!,
p-=V-6-2pW,
, (3)
s
—=-V-J +o0,,
pd’z‘ s s

where J, = p, (v, —v) is the diffusion flux, ¥, is the veloc-
ity field of points of the continuum K;, v = p~'Sp,¥, is the
velocity field of points of the mass centre continuum K, J
is the scalar mass flow (it is concerned with particle transi-
tions between the states), o =20, 1;®1; is the Cauchy
stress tensor [8], y, is the conservative (dy,'/dr=0)
potential (i = 0, 1, 2); js =J o / T is the entropy flux,
o, :(JX+jQ -)?Q +2J. ~)?[)/T20 is the entropy pro-
duction, X = s, — 4, is the thermodynamical force conju-
gated to the flow J, X 0= VT / T is the thermodynamical
force conjugated to the heat flux J,, X,=-V(y +y,)
isthe thermodynamical force conjugated to the flux
J. (v, =y ~w,",i=12); d/dv=06/0r+V-V is the op-
erator of material derivative, V is the nabla-operator, 7 is
time. The symbol ® and the dot between quantities denote
tensor and scalar multiplication.

Here we have allowed for the normalization of both
diffusion flux %J, =0 and concentrations XC,=1. We
also neglect viscosity effects.

The thermodynamical fluxes and forces define the
change of density of the kinetic potential @ that is a part
of the internal body energy related to non-equilibrium
processes, i.e. [11, 14]

dd=JdX +J,-dX,+Y J -dX,. (5)

If &= <I>(X, )?Q, )?1, )?2 ), then we define the thermodyna-
mical fluxes by the formulae
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do - dd - do
=—, J = =, J.:T, '=l,2 6
ax’ 0 axX (=L ©

J
where 6CD/ 0X =%i,0®/0X,, is the gradient of the scalar
field ®, X, are the components of the vector X in the
chosen Cartesian set of coordinates.

In this case, for an isotropic body basing on the Curie
principle [11] the relations between fluxes and forces
obtained from Egs. (6), are

J=J(X), Jo=Jy(Xp. X0 K,), J,=J (X,

>

175(2)~

In models of solid mechanics, the kinetic equations are
mostly used in the linear forms, as follows

where A and LAQQ,LAQ,.,LA,.Q,ZU (i,j=1,2) are scalar and
tensor kinetic coefficients. In a general case these coeffi-
cients can be functions of the intensive variables of the
state.

On the basis of the relationships (1)-(7), taking into
account kinematic dependences, we can construct a com-
plete set of equations of the model for the description of the
coupled mechanical, heat transfer and diffusion processes.
In many cases such a set of equations is written with the
use of kinematic characteristics of the mass centre
continuum.

III. THE MODEL OF MECHANICAL
AND HETERODIFFUSION PROCESSES

Let us specify the above-mentioned set of equations
(1)-(7) for isothermal conditions and small deformations.
We do not make a difference between contravariant and
covariant quantities for small deformations. Then we define
a local thermodynamical state by the values of parameters
p o, —&,4, 14, —C,, where

1 aua auﬂ
Ep=7| Tt ®
2\ ox, ox,

are the components of the deformation tensor [8], u, are
the components of the vector of displacements i, and x,
are the Cartesian coordinates of the mass centre continuum
(a.=1,2,3i=12).

Let us choose a state corresponding to the state of an un-
limited body in the absence of an external action as a reference
one. In this state o, =0, &,, =0; 41, = 41/, C, = C,.

i

If we assume the displacement vector # and the con-
centrations of the admixtures in form ¢, =C,~C; (i=1,2)
as resolving functions, then in the linear approximations of
(2) we can write in the form [10]

Oup = KK—%GJE—KZ@Q}SM +2Gé,,
©)

K
H; = /uio ——pe+ Zd;'jcj’
P J

where K is the compression modulus, G is the modulus of
shear; [, are the concentration coefficients; a_',, are the
coefficients of the dependence of chemical potentials on
concentrations; &=¢,, is the first invariant of the
deformation tensor (we assume summation over pairs of
the same Greek indices), and J,, is the Kronecker
symbol.

If we neglect the convective components (v -?ci =0,
V.V®v =0), the internal (mass) forces (p0v /0t =0) and
the external mass forces, then the balance equations for
concentrations and momentum take the form

aci —

po—=-V-J +(=D)'J (i=12);
or

(10)

where € = gapzz ®zTﬁ is the deformation tensor (&, f=1,2,3).

According to the kinetic equation (7), fluxes J, are
proportional to the gradients of chemical potentials, and
scalar flow J is proportional to its local rate. Hence, for the
linear state equations (9) we can write

J==p, (Bﬁcl +D,Ve, —51‘965),

J, ==p,(D,Ve, + D,Ve, - DiVe), (n

J==p, (1;161 ke, —l;gg),

where 51 are the diffusion coefficients (/ =1, ..., 4) 5,.5 is
the coefficient of the influence of volumetric deformation
field gradient on mass fluxes (i = 1, 2); l;, are the kinetic
coefficients for the process of local particle intertransitions
from one state into another, and k, is the coefficient
defining the influence of volumetric deformation field on
this process.

Let us substitute (8), (9) and (11) into (10) and take the
constant coefficients (material characteristics) in the state
equations (8) and the kinetic model relationships (11).
Then we obtain the set of equations for heterodiffusion, in
the form
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be.  — _ _ _

%~ DA, + DiAc, - DfAe ki, + ke, + ke,
T

oe, = — -

o =D,Ac, + D,Ac, — D;Ae + k¢, — k¢, —k_&;
T

GAﬁ+(K+%)§Vﬁ—KZﬂﬁCi =0. (12

Here A=V-V is the Laplace operator.

IV. MECHANICAL AND HETERODIFFUSION
PROCESSES IN A LAYER

Let us consider a layer of thickness [ referred to
Cartesian coordinates, i.e. X-axis is normal to its surfaces
and the origin of the coordinate set lies on the upper
surface. The concentration distributions are known in the
initial time 7=0 in the layer space 0<x </ and the
chemical potentials of admixture particles are given on the
layer boundaries x =0, 1, i.e.

¢ (x,0)=c’(x), ,ul.(O,r):y’Z (r),

w(Lr)=u(z) (i=12).

(13)

The layer boundaries are free against the external
mechanical action o_(0,7)=0_(/,7)=0. Let us assume
that the layer
(y.z—>#0), so ¢,(x7)=¢,(x,7)=0. The tensor
components of deformation ¢, and stress o, and o are
nonzero only. From the equilibrium conditions V-6 =0
and the condition o_(0,7)=0_(/,r)=0 on the layer
boundaries we also have o (x,7)=0 (0<x</). From

edges are immovable on infinities

this equality and the state equation (9) we find for the
components &£

0 0
e, =P+ p,

where B° = &8, £=3K(3K +4G) ", i-1,2.

Let us substitute (14) into (12) and (9). Then, to
determine the concentrations of admixture particles we
obtain the following set of differential equations

(14)

oc ¢ ¢
a—; =D, _8x2] +D, _6x22 —ke, +kyc,,
(15)
oc ¢ ¢
8_21 =D, _6x2] +D, _6x22 +ke -k,

and stresses and chemical potentials are found from the
algebraic equations

c,=0.= —ZG(ﬂl‘)cl +ﬂ2°cz), po=p + Y dc,,
7 (16)

i,j=12,
where
dy=d,~B'B,p,'K. k; =k, -k, (i.j=1.2);
D, =D, -p'Df, D,=D,-pD;,
D,=D,-p'D:, D,=D,—-p'D:

are the corrected characteristics of the layer material.

Taking into account the relationships (16) for the
chemical potentials, we write the boundary conditions (13)
for the concentrations, namely

¢, (0,7)=c(z), ¢ (l7)=c"(2),

where ¢, c” (i=1,2) are the time-functions defined by
the values of the chemical potentials z~ and g, namely

(17)

CIZ (r)=a" (/ulzdzz _/‘zxdlz)s CIZX (r)=a" (/ulzdzz _/szxdlz);

sz (T) =a’ (;den _luldeI)’ szx (T) =a’ (;Uzzdn _ﬂlzxdzl );

X

=g =g W=, a=ddy —dydy,.
Similarly, the problem is reduced to determine the
concentrations ¢, (x,7) from (15) using the boundary con-
ditions (17) and the initial ones (13). When functions
¢;(x,7) have been found, the stresses are determined by
the formula (16). In this case total diffusion flow J, and the
total mass of admixture m(r) passing across the layer

surface x = / through time-interval 7 €[0;7], are defined as

follows
‘]x(lvf):_pﬂ(D(l)%J{_D(Z)%) s
0x ox )|,

()= [J,(Le)dr,

where D" =D, +D, and D* =D, + D,.

To construct a solution of the original problem (13),
(17) and (15), we apply the finite Fourier sine transforma-
tion over a space coordinate and the Laplace integral
transformation with respect to time. The solution is as
follows

fi(x,7t)=c(x,7)-c (r)(l—%j—cf‘x (r)?, (19)

which satisfies the initial and the boundary conditions
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fi(x0)=c ¢’ (0)(1 —7J—c?* (0)7,
£:(0,7)= £, (L) =0,

(20)
i=1,2,

where
(0) =kl (7)) -k, (7),
& (2) = ke (2) - kye (7)

are the known time-functions.
We find the corresponding set of equations for func-
tions f;(x,7) from the original set of Eqs. (15) using the

expressions (19). In the case of zero boundary conditions
(20) we find its solution in the form of Fourier's series

fix,7)= if[(") (¢)sin 7, x, @21
n=1

where 7, =nz/l (n=0,1,2...). Then the set of ordinary
differential equations for expansion coefficients £ (z)
(i=1,2;n=1,2,..) with the following initial conditions

2(-1)" & (0)

n

10O = ¢, 0+ @)

is solved by the Laplace transformation.

Finally, we find an analytical solution for concentra-
tions in the form of a trigonometric series. Whereas the
obtained solution is awkward, we show its explicit form for
the following particular case of the initial and boundary
conditions

¢, (x,0)=0 (0<x<1);
cz‘(r):(l—

& (2)=nc,

(23)
c”(r)=0,

n)cy, i=12,
where ¢ is the constant value of admixture total concen-
tration at the layer surface, and 7 is the nonnegative
parameter satisfying the inequality 1>7 > 0.

Then for concentrations ¢, (x,7) (i =1,2) and their sum
c(x,t) we obtain

: = 2
¢ (x,7)=nc (1_£j_kco— 1-

[ a / sinh7,

- 2—§§[R“(x 7)-R, (x’T)]’

= D
o (x7)=(1-n)c (1—§j+ kaD {1_

a / sinh7,

[RQ] X, r (x r)]

LM} .
(4)

E_sinhno(l—x/l)}+
(25)

Z(l—ﬁj—kk*czD(O) E sinh70(1—x/l) .
/ a / sinh7,

2=
+%|:RL.1 (x,Z') -R, (x,z')],

c(x,7)=c

(26)

where

k. =nk ~(1=n)k,, n,=1(a/b)",

a=kD? +k,D",
b=D,D,-D,D,

are the coefficients defining an asymptotic behaviour of the
solution;

R, (x,z'

)= isin(ﬁ x)Rm) '
n=l1

(2)

R(zz) st

ZSIH

n=l1

r)=isin(7r x)RMe"",
n=l1

B

T)= Zw:sin(zr x)RVe '

n=1

(x,7)= Zsm(ﬂ x)R(‘l) e

n=1

N (c2) st
_ : c2) st
)—ZSln(ﬂ'nx)Rn e’

n=1

R, (x,r

are monotonously decreasing in time functions;

2(2)
R(21) — 7751 +D(2)1] + k*ﬂ-nD
n n n s(l) ’
2)(2)
RO = 5?4 pP 4 KD
n n n (2)
s)l
k.z>D"Y
an _ <! (0, Bs?y
R =~(1-7)5} + D! T
k.z>D"Y
12) _ 52 (1) *n
R” =-(1-n)s, +D, "+T»
R(cl) R(]]) R(Zl) R(c2) — R(IZ) _R(22).
Dr(:l)q = ”j |:77D4 - _U)D1:|»
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Dr(lz)” = ”5 |:77D2 _(1_77)D3:|a

50 =k+s! (i=12),

n

50 =k+s (i=12),

1/2
e P i(lrii”z —ﬂ,fé‘i”j ,
2 4
8V =k+xD, &Y =a+x’h,
k=k+k,, D=D +D,.

Let us substitute the obtained relationships (24) and
(25) into (18). Then the expression of the total mass flow
across the layer is written in the form

ZDW 2 P
J,(z,f):/’COT+ pfo [R,(L.7)-R,,(L7)]. @)

Here

R,(7)= i(—n"ﬁ,@* (D75 +br? Jexp{sPz},
n=1

R,(7)= i(—l)”ﬂ,@* (D”E,f” +brx! )exp{s,?)r},
=l

are monotonously decreasing in time functions;

-1
< ] (2)
sn* = |:7Tn (Sn - sn ):| >

If we substitute the expressions (24) and (25) for
concentrations c¢,(x,7) (i=1,2) in the formula (16), then
we have for stress the relation

o, = 2GE { Vi (1 —fj +

p inh 7z, (1-x/!
JRDI ) x sinha, (1-9/0) |
/ sinh 7,

D" =nD" +(1-7)D®.

(28)
a

2. o @
_7251n(ﬂnx)|:Rr(lo’l)es,, T —RiGZ)eS” r:| ,

n=1

where

S(l)

n

Y4
o) _<t| pr<, 7 _ KDy
Rn =S, IB Sy + Dn - >

(2)

Y
R(o’Z) — 5_,* I:IBTIE(Z) +Dﬂ _ k*Dn :|
"=np +(1-1)p,, D" =pD"-pD?,

L V) NG _ () (Dn
Dn _”nD > Dn _ﬁan _ﬂZDn .

V. INSTANTANEOUS CHANGES
OF A LOCAL PARTICLE STATE
(EFFECTIVE CHARACTERISTICS)

Let us regard that the relaxation time for diffusion is
larger than the relaxation time for the processes of particle
transitions from state 1 into state 2 and vice versa, i.e. the
local equilibrium distribution of admixture particles between
states 1 and 2 in the process of their spatial redistribution is
ascertained almost instantaneously. Then, within the time
scale, with the condition of the equality of the chemical
potentials, we obtain that

(%, 7) = 1, (x,7) (0<x<1) (29)

for any moment 7.

Notice that in this case J =0, but its value is not
already defined by the expression (11).

The expressions (16) for the chemical potentials are
substituted into the equilibrium condition (29). Then from
the obtained relationships we define concentrations
¢ (x,7), ¢,(x,7) in terms of the sum of concentrations

c(x,7)=¢(x,7)+c,(x,7).

So we have

A,
(30)

¢, (x,7)= %c(x, 7),

where k =k +k,. Adding the equations (15) for the diffu-
sion, we obtain
oc d’c,

= D(l)
or ox?

2
Oc,

+ D@
ox?

(€2))

where
(1)
D" =D +D,, D® =D, +D,.

Under these conditions concentration c(x,7) is named an
effective concentration, i.e ¢(x,7)=c, (x,7).

Substituting (30) into (16) and (31) for finding effective
stresses and concentrations we obtain

O-yy = O-zz = _2G§ﬁefcefs
dc, azcef (32)



Mathematical Modelling of Diffusive and Mechanical Processes in Bodies with Microstructure 93

Here

ﬂg/ =k (ﬁ1k2 +:sz1 ),

(33)
D, =k (kD® +k,D")
are the effective coefficients of concentration related to
both volume and diffusion changes.

Under the conditions of thermodynamical equilibrium
relative to particle transition on the layer surface for find-
ing the solutions of the initial-boundary value problem, we
need to substitute coefficient 7 by k,/k and 1-n by
k,/k in the formulae for the concentrations, total flow and
stresses. Then the coefficient £, is to be assumed zero, i.e.
k.=0.

VI. RESULTS OF NUMERICAL ANALYSIS

Let us show the results of numerical analysis for the
concentrations and stresses o, on the basis of the solu-
tions (24)-(26) and (28). The estimation of the correspond-
ing model coefficients was taken for isotropic poly-
cristalline bodies assuming the states of admixture particles
on aboundary (i = 1) and in space (i = 2) of a grain as
physically different ones. The majority of the source data
have been taken from [1].

In calculations we take up K = 10" N/m*, G =
410N/, g, =510, B, =510% Ds=D,;=0,1=10"m.
In this case we use the following dimensionless variables
' =k, £=(k,/D)"*x, and also the magnitudes d =
D,/Dy and g = ki/k, (the Henry constant).

Remark that parameter 77 depends on the conditions of
mass exchange with an external medium and the medium
of subsurface layer. For example, in the case of poly-
crystalline bodies from a gas medium or liquid one, we can
take this parameter as proportional to the ratio of grain
boundary area and full interface area. It is possible to
propose other variants of interpretation, for example, when
the equilibrium distribution of admixture particles between
states 1 and 2 is on the interface, then the parameter value
isn, =k, /k.

Typical dependences of the total concentration and
stress on the surface distribution of admixture particles
between quick and slow ways of diffusion (the value of
parameter 77) are presented in Figs. 1 and 2.

Figures 3 and 4 show characteristic time-dependences
of the total admixture concentration and stresses.

1.2

0.8 7

04 1T

0 0.005 0.01
Fig. 1. Distributions of total admixture concentration in a layer for

g=2-10", d=5-10", 7"=1,5-10% curve | for =1, 2 —
7=0753-1n=05, 4— =025, 5—-n=0

0.0008

0 0.0004

-0.005

Fig. 2. Distributions of concentrating stresses in a layer for
g=2-10", d=5-10" '=1,5-107 curve 1 for p=1, 2—
n=0753-1n=054-n=025 5-n=0

1.4

0.7 1

0

0 0.0003 0.0006

Fig. 3. Behaviour of total admixture concentration distributions in
time for 7=1,¢=2-10% d=5-10"; curve 1 for 7" =510
2-7=510°3-7=5.10%4-7=5-10"
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0 0.0003 0.0006
[=} +
1
2
3
[2)
S
CI,' 4
0
)
9

Fig. 4. Behaviour of concentrating stress distributions in time for
n=l,g=210d=5-10" curve 1 for r'=5-10% 2 - ¢'=
5:10%,3-7'=5.10%4- 7 =5:10"

We lay off the function c/ c; in Figs. 1 and 3 and the
quantity in o, (Gi )71 in Figs. 2 and 4 as ordinates. Here
the space coordinate x is laid off as abscissa.

Moreover, we have carried out numerical investigation
for the dependence of distributions of both the total ad-
mixture concentration and stresses on the Henry constant ¢
and the ratio of diffusion coefficients d. Their qualitative
behaviour (with some quantitative distinctions) is in accor-
dance with the distributions shown in Figs. 1-4 for the con-
sidered interval of parameter values and ¢ > 1 and d < 1.

VIII. CONCLUSION

From the above-mentioned results, including numerical
calculations, it is clear that the distributions of the stresses
and concentrations can differ quantitatively and qualita-
tively from analogous ones related to forbidden inter-
transitions of admixture particles between different states
(the model of noninteractive flows: k& = k, = 0. The
limiting case of instantaneous establishment of local ther-
modynamical equilibrium between states 1 and 2 (using the
effective characteristics on the basis of equations (32) and
(33)) is not in agreement with the obtained results, either.

So, in particular, if 7 #k,/k, then at 7 — oo the ob-
tained concentration distributions are substantially non-
linear because R, (x,7) >0 and R, (x,7) >0 (i=1,2).
We ascertain that for small time intervals and in an area
near the surface x = [, where admixture particle diffusion in
state 1 is determined, the values of admixture concentra-
tions and corresponding stresses can be determined with
satisfactory accuracy by the use of effective material
characteristics.

Notice also that for small values of kinetic coefficients
k@Gi=1,2) (g<2-10%, k, U k) and the near initial time
moments and under the same ratio of diffusion coefficients
D, and D,, the distributions of stresses and concentrations
are in good agreement with the distributions found from the
model of noninteractive diffusion flows. With the increase
of coefficients k; (ki, k» < 1; i = 1, 2) the model of non-
interactive flows becomes inapplicable. In such cases the
obtained solutions are closer to the distributions found with
the use of the effective characteristics or the body model,
where admixture particles occupy only one position in
a physically small element which is related to state 2.
Qualitative distinctions in distributions of stresses and
concentrations become negligible at decreasing the ratio of
kinetic coefficients k; and k, (Henry equilibrium constant
¢) and the fixed coefficient d >10°.
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