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I.  INTRODUCTION 
 

 A local microscopic structure of real solid bodies 
significantly influences the process of admixture particle 
diffusion [1]. These particles are in different physical states 
when they occupy different positions in a structure of solid 
solutions, polycrystalline bodies or fine-grained media (for 
example, in different kinds of interstices of solid solutions 
or on a boundary and in space of a grain of polycrystalline 
body, etc.). In these states admixture particles are charac-
terized by distinct concentration coefficients and mobilities. 
 In a macroscopic description of mechanical and 
diffusion processes in such bodies we can frequently be 
restricted to consideration of two different states of 
admixture particles. It is in agreement with different diffu-
sion coefficients. Such a mass transfer process is ac-
companied by admixture transition from one state into 
another. In this case mechanical stresses caused by the 

redistribution of admixture particles depend not only on the 
gradients of their concentrations, but also on their local 
distribution between the states. 
 The continuum approach describing processes of dif-
fusion by two ways was proposed in paper [2]. Certain 
generalizations and mathematical aspects of the continuum 
approach applications were considered in works [3-5]. 
Almost simultaneously a more general continuum-thermo-
dynamical approach was formulated in articles [6, 7]. Con-
tinuum representations [8] and methods of non-equilibrium 
thermodynamics [9] were used for modelling constitutive 
equations. Such investigations are summed up in mono-
graph [10]. 
 Certain generalization of the continuum-thermodyna-
mical approach to the description of mechanical and dif-
fusive processes in bodies with microstructure is presented 
below, as well as the results of investigating the processes 
in a layer. A number of non-classical distributions are 
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quantitatively described for admixture concentration and 
corresponding contributions of concentrations into stresses. 
Areas of applicability for approximate models are estab-
lished, in particular, for the models with effective charac-
teristics.   
 
 

II.  REFERENCE  POSITIONS 
 
 Let us assume that a body is inserted into the three-
dimensional Euclidean space referring to the rectangular 
Cartesian set of coordinates { }xα  with the frame ( ), ,O iα

r
 

here iα
r

 form the orthonormal base ( )1,2,3 .α =  
 In a macroscopic description a body is considered as 
a spatially heterogeneous three component thermodynamical 
system *.K  As a component we take particles of the basic 
material 0*K  forming a deformable matrix, and admixture 
particles in different physical states 1*K  and 2*K  (ad-
mixture consists of particles of one chemical kind). 
Continuum Ki (i = 0, 1, 2) is assigned to each component 

*iK  of the body. And the whole body is associated with 
a continuum of mass centres Kc [11]. Then the processes of 
deformation and heat transfer are described with the use of 
kinematic characteristics of continuum Kc. The diffusion 
processes are treated as motion of points of continuums Ki 
relative to the points of continuum Kc. 
 We assume the hypothesis of local thermodynamical 
equilibrium [11, 12]. The local state of the system is de-
fined by values of conjugate thermodynamical parameters: 
absolute temperature T and the entropy s; density the 
components of the Cauchy stress tensor αβσ  and the 
components of the deformation tensor ( , 1,2,3);αβε α β =  
the chemical potentials 'iμ  and the mass concentrations of 
the body components ( ,i i iC C ρ ρ=  where iρ  is the 
density of the component i, iρ ρ= Σ  is the total density of 
the system).  
 The state parameters define the change of the internal 
energy density u. Taking into account 1,iCΣ =  we write 
the corresponding Gibbs equation in the form [10, 13]   

  

( )

1

, 1,2,3; 1, 2 ,

i idu Tds d dC

i

αβ
αβσ ε μ

ρ

α β

= + +

= =

∑ ∑
 (1) 

where 0' 'i iμ μ μ= −  is the relative chemical potential of 
admixture particles in the state i. 
 Let us assume now the internal energy density u as a ther-
modynamical potential, i.e. we suppose the functional 
dependence u = u(s, εα,β, Ci) is known. Then from the 
Gibbs equation (1) we obtain the general form of the state 
equations   

  

( )

, ,

, 1,2,3; 1, 2 .

i
i

u u uT
s C

i

αβ

αβ

σ ρ μ
ε

α β

∂ ∂ ∂
= = =

∂ ∂ ∂

= =

 (2) 

 Then the dependences   

  
( ) ( )

( ) ( )

, , , , , ,

, , , 1,2,3; 1,2

i i

i i i

T T s C s C

s C i

αβ αβ
αβ αβ

αβ

ε σ σ ε

μ μ ε α β

= =

= = =
 (3) 

that follow from Eqs. (2), are used in a linearized form. 
 From the laws of conservation of mass, momentum, and 
energy we obtain [10]   

 ( )21 , 1 ( 1,2);i
i

dCd v J J i
d d

ρ ρ
ρ τ τ

= −∇⋅ + ∇⋅ = − =
r r rr  

  
ˆ ' ,

,

i i

s s

dv
d

ds J
d

ρ σ ρ ψ
τ

ρ σ
τ

= ∇ ⋅ − ∇

= −∇ ⋅ +

∑
r r r

r r
 (3) 

where ( )i i iJ v vρ= −
r r r is the diffusion flux, ivr  is the veloc-

ity field of points of the continuum Ki, 1
i iv vρ ρ−= Σ

r r  is the 
velocity field of points of the mass centre continuum Kc, J 
is the scalar mass flow (it is concerned with particle transi-
tions between the states), i iαβ α βσ σ= Σ ⊗

r r)  is the Cauchy 
stress tensor [8], 'iψ  is the conservative ( )' 0iψ δτ∂ =  
potential (i = 0, 1, 2); s QJ J T=

r r
 is the entropy flux, 

( ) / 0s Q Q i iJX J X J X Tσ = + ⋅ + Σ ⋅ ≥
r r r r

 is the entropy pro-
duction, 2 1X μ μ= −  is the thermodynamical force conju-
gated to the flow J, QX T T= −∇

rr
 is the thermodynamical 

force conjugated to the heat flux ,QJ
r

 ( )i i iX μ ψ= −∇ +
rr

 
is the thermodynamical force conjugated to the flux 

( )0' ', 1,2 ;i i iJ iψ ψ ψ= − =
r

 d d vτ τ= ∂ ∂ + ⋅∇
rr  is the op-

erator of material derivative, ∇
r

 is the nabla-operator, τ  is 
time. The symbol ⊗  and the dot between quantities denote 
tensor and scalar multiplication. 
 Here we have allowed for the normalization of both 
diffusion flux 0iJΣ =

r
 and concentrations 1.iCΣ =  We 

also neglect viscosity effects.  
 The thermodynamical fluxes and forces define the 
change of density of the kinetic potential Φ  that is a part 
of the internal body energy related to non-equilibrium 
processes, i.e. [11, 14]   

  .Q Q i id JdX J dX J dXΦ = + ⋅ + ⋅∑
r r r r

 (5) 

If ( )1 2, , , ,QX X X XΦ = Φ
r r r

 then we define the thermodyna-
mical fluxes by the formulae   
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  , , , ( 1, 2)Q i
Q i

d d dJ J J i
dX dX dX

Φ Φ Φ
= = = =

r r
r r  (6) 

where X i Xα α∂Φ ∂ ≡ Σ ∂Φ ∂
r r

 is the gradient of the scalar 
field ,Φ  Xα  are the components of the vector X

r
 in the 

chosen Cartesian set of coordinates.  
 In this case, for an isotropic body basing on the Curie 
principle [11] the relations between fluxes and forces 
obtained from Eqs. (6), are   

( ) ( )1 2 1 2( ), , , , , , .Q Q Q i i QJ J X J J X X X J J X X X= = =
r r r r r r r r r r

  

 In models of solid mechanics, the kinetic equations are 
mostly used in the linear forms, as follows  

  
, ,

,

Q QQ Q Qi i

i iQ Q ij j

J X J L X L X

J L X L X

λ= = ⋅ + ⋅

= ⋅ + ⋅

∑
∑

r r r) )

r r r) )  (7) 

where λ  and , , , ( , 1,2)QQ Qi iQ ijL L L L i j =
) ) ) )

 are scalar and 
tensor kinetic coefficients. In a general case these coeffi-
cients can be functions of the intensive variables of the 
state.  
 On the basis of the relationships (1)-(7), taking into 
account kinematic dependences, we can construct a com-
plete set of equations of the model for the description of the 
coupled mechanical, heat transfer and diffusion processes. 
In many cases such a set of equations is written with the 
use of kinematic characteristics of the mass centre 
continuum.   
 
 

III.  THE  MODEL  OF  MECHANICAL  
AND  HETERODIFFUSION  PROCESSES 

 
 Let us specify the above-mentioned set of equations 
(1)-(7) for isothermal conditions and small deformations. 
We do not make a difference between contravariant and 
covariant quantities for small deformations. Then we define 
a local thermodynamical state by the values of parameters 

1 , ,i iCαβ αβρ σ ε μ− − −  where   

  1
2

uu
x x

βα
αβ

β α

ε
⎛ ⎞∂∂

= +⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠
 (8) 

are the components of the deformation tensor [8], uα  are 
the components of the vector of displacements , and au xr  
are the Cartesian coordinates of the mass centre continuum 
( ), 1,2,3; 1,2 .iα β = =   
 Let us choose a state corresponding to the state of an un-
limited body in the absence of an external action as a reference 
one. In this state 0 00, 0; , .i i i iC Cαβ αβσ ε μ μ= = = =  

 If we assume the displacement vector ur  and the con-
centrations of the admixtures in form 0

i i ic C C= −  ( 1, 2)i =  
as resolving functions, then in the linear approximations of 
(2) we can write in the form [10]  

  
0

0

2 2 ,
3

,

i i

i i i ij j
j

K G K c G

K d c

αβ αβ αβσ ε β δ ε

μ μ β ε
ρ

⎡ ⎤⎛ ⎞= − − +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

= − +

∑

∑
 (9) 

where K is the compression modulus, G is the modulus of 
shear; iβ  are the concentration coefficients; ijd  are the 
coefficients of the dependence of chemical potentials on 
concentrations; ααε ε=  is the first invariant of the 
deformation tensor (we assume summation over pairs of 
the same Greek indices), and αβδ  is the Kronecker 
symbol.  
 If we neglect the convective components ( 0,iv c⋅∇ ≅

rr  
0),v v⋅∇ ⊗ ≅

rr r
 the internal (mass) forces ( 0)vρ τ∂ ∂ ≅

r and 
the external mass forces, then the balance equations for 
concentrations and momentum take the form 

  

( )
0 ( 1) ( 1, 2);

0 0 ,

ii
i

c J J iρ
τ

σ ε

∂
= −∇⋅ + − =

∂

∇⋅ = ∇ ×∇ × =

r r

r r rr )
 (10) 

where i iαβ α βε ε= ⊗
r r)  is the deformation tensor ( , 1,2,3).α β =  

 According to the kinetic equation (7), fluxes iJ
r

 are 
proportional to the gradients of chemical potentials, and 
scalar flow J is proportional to its local rate. Hence, for the 
linear state equations (9) we can write   

  

( )
( )

( )

11 0 1 1 3 2

2 0 4 1 2 2 2

0 1 1 2 2

,

,

,

J D c D c D

J D c D c D

J k c k c k

ε

ε

ε

ρ ε

ρ ε

ρ ε

= − ∇ + ∇ − ∇

= − ∇ + ∇ − ∇

= − − −

r r r r

r r r r
 (11) 

where lD  are the diffusion coefficients (l = 1, ..., 4) iDε  is 
the coefficient of the influence of volumetric deformation 
field gradient on mass fluxes (i = 1, 2); ik  are the kinetic 
coefficients for the process of local particle intertransitions 
from one state into another, and kε  is the coefficient 
defining the influence of volumetric deformation field on 
this process.  
 Let us substitute (8), (9) and (11) into (10) and take the 
constant coefficients (material characteristics) in the state 
equations (8) and the kinetic model relationships (11). 
Then we obtain the set of equations for heterodiffusion, in 
the form   
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1
1 1 3 2 1 1 1 2 2

2
4 1 2 2 2 1 1 2 2

,

;

c
D c D c D k c k c k

c
D c D c D k c k c k

ε
ε

ε
ε

ε ε
τ

ε ε
τ

∂
= Δ + Δ − Δ − + +

∂
∂

= Δ + Δ − Δ + − −
∂

  

  0.
3 i i
GG u K u K cβ⎛ ⎞Δ + + ∇∇ ⋅ − ∇ =⎜ ⎟

⎝ ⎠ ∑
r r rr r  (12) 

Here Δ = ∇ ⋅∇
r r

 is the Laplace operator.  
 

 
IV.  MECHANICAL  AND  HETERODIFFUSION 

PROCESSES  IN  A  LAYER 
 
 Let us consider a layer of thickness l referred to 
Cartesian coordinates, i.e. X-axis is normal to its surfaces 
and the origin of the coordinate set lies on the upper 
surface. The concentration distributions are known in the 
initial time 0τ =  in the layer space 0 x l≤ ≤  and the 
chemical potentials of admixture particles are given on the 
layer boundaries x = 0, l, i.e.  

  
( ) ( ) ( ) ( )

( ) ( )

0,0 , 0, ,

, ( 1, 2).

ii i i

i i

c x c x

l r i

μ τ μ τ

μ μ τ

Σ

Σ×

= =

= =
 (13) 

 The layer boundaries are free against the external 
mechanical action (0, ) ( , ) 0.xx xx lσ τ σ τ= =  Let us assume 
that the layer edges are immovable on infinities 
( ), ,y z → ±∞  so ( ) ( ), , 0.yy xxx xε τ ε τ= =  The tensor 
components of deformation xxε  and stress yyσ  and zzσ  are 
nonzero only. From the equilibrium conditions 0σ∇ ⋅ =

r )  
and the condition ( ) ( )0, , 0xx xx lσ τ σ τ= =  on the layer 
boundaries we also have ( ) ( ), 0 0 .xx x x lσ τ = ≤ ≤  From 
this equality and the state equation (9) we find for the 
components xxε   

  0 0
1 1 2 2 ,xx c cε β β= +  (14) 

where ( ) 10 , 3 3 4 , 1,2.i i K K G iβ ξβ ξ −
= = + −  

 Let us substitute (14) into (12) and (9). Then, to 
determine the concentrations of admixture particles we 
obtain the following set of differential equations   

  

2 2
1 1 2

1 3 1 1 2 22 2

2 2
1 1 2

4 2 1 1 2 22 2

,

,

c c c
D D k c k c

x x
c c c

D D k c k c
x x

τ

τ

∂ ∂ ∂
= + − +

∂ ∂ ∂
∂ ∂ ∂

= + + −
∂ ∂ ∂

 (15) 

and stresses and chemical potentials are found from the 
algebraic equations 

  
( )0 0 0

1 1 2 22 , ,

, 1, 2,

yy zz i i ij j
j

G c c d c

i j

σ σ β β μ μ= = − + = +

=

∑
(16) 

where  

  0 1 0
0 , ( , 1,2);ij ij i j j j jd d K k k k i jεβ β ρ β−= − = − =  

  
0 0

1 1 1 1 3 3 2 1

0 0
4 4 1 2 2 2 2 2

, ,

,

D D D D D D

D D D D D D

ε ε

ε ε

β β

β β

= − = −

= − = −
 

are the corrected characteristics of the layer material. 
 Taking into account the relationships (16) for the 
chemical potentials, we write the boundary conditions (13) 
for the concentrations, namely  

  ( ) ( ) ( ) ( )0, , , ,i i i ic c c l cτ τ τ τΣ Σ×= =  (17) 

where ( ), 1, 2i ic c iΣ Σ× =  are the time-functions defined by 
the values of the chemical potentials iμΣ  and ,iμΣ×  namely 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 1
1 1 22 2 12 1 1 22 2 12

1 1
2 2 11 1 21 2 2 11 1 21

0 0
11 21 12 21

, ;

, ;

, , .i i i i i i

c a d d c a d d

c a d d c a d d

a d d d d

τ μ μ τ μ μ

τ μ μ τ μ μ

μ μ μ μ μ μ

Σ − Σ Σ Σ× − Σ Σ×

Σ − Σ Σ Σ× − Σ Σ×

Σ Σ Σ× Σ×

= − = −

= − = −

= − = − = −

  

 Similarly, the problem is reduced to determine the 
concentrations ( ),ic x τ  from (15) using the boundary con-
ditions (17) and the initial ones (13). When functions 

( , )ic x τ  have been found, the stresses are determined by 
the formula (16). In this case total diffusion flow Jx and the 
total mass of admixture ( )m τ  passing across the layer 
surface x = l through time-interval [ ]0; ,τ τ∈  are defined as 
follows   

  

( )

( ) ( )

(1) (2)1 2
0

0

, ,

, ,

x
x l

x

c c
J l D D

x x

m J l d
τ

τ ρ

τ τ τ

=

∂ ∂⎛ ⎞= − +⎜ ⎟∂ ∂⎝ ⎠

≡ ∫
 (18) 

where (1)
1 4D D D= +  and (2)

2 3.D D D= +  
 To construct a solution of the original problem (13), 
(17) and (15), we apply the finite Fourier sine transforma-
tion over a space coordinate and the Laplace integral 
transformation with respect to time. The solution is as 
follows  

  ( ) ( ) ( ) ( ), , 1 ,i i i i
x xf x c x c c
l l

τ τ τ τΣ Σ×⎛ ⎞= − − −⎜ ⎟
⎝ ⎠

 (19) 

which satisfies the initial and the boundary conditions 
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( ) ( ) ( )

( ) ( )

0,0 0 1 0 ;

0, , 0, 1, 2,

i i i i

i i

x xf x c c c
l l

f f l r iτ

Σ Σ×⎛ ⎞= − − −⎜ ⎟
⎝ ⎠

= = =

 (20) 

where  

  
( ) ( ) ( )

( ) ( ) ( )
1 1 2 2

1 1 2 2

,c k c k c

c k c k c

τ τ τ

τ τ τ

Σ Σ Σ

Σ× Σ× Σ×

= −

= −
  

are the known time-functions. 
 We find the corresponding set of equations for func-
tions ( , )if x τ  from the original set of Eqs. (15) using the 
expressions (19). In the case of zero boundary conditions 
(20) we find its solution in the form of Fourier's series   

  ( ) ( )( )

1

, sin ,n
i i n

n
f x f xτ τ π

∞

=

= ∑   (21) 

where ( )0,1,2... .n n l nπ π= =  Then the set of ordinary 
differential equations for expansion coefficients ( )( )n

if τ  
(i = 1, 2; n = 1, 2, ...) with the following initial conditions 

  ( ) ( )

( ) ( )( ) 0 2 2 10 (0) 0
n

n
i i ii n

nn

f c c c
ll ππ

Σ Σ×−
= − +  (22) 

is solved by the Laplace transformation.  
 Finally, we find an analytical solution for concentra-
tions in the form of a trigonometric series. Whereas the 
obtained solution is awkward, we show its explicit form for 
the following particular case of the initial and boundary 
conditions   

  
( ) ( ) ( )

( ) ( ) ( )
0

2 0

,0 0 0 ; ,

1 , 0, 1,2,

i i

i

c x x l c c

c c c i

τ η

τ η τ

Σ Σ

Σ Σ Σ×

= ≤ ≤ =

= − = =
 (23) 

where 0cΣ  is the constant value of admixture total concen-
tration at the layer surface, and η  is the nonnegative 
parameter satisfying the inequality 1 0.η≥ ≥  
 Then for concentrations ( ) ( ), 1, 2ic x iτ =  and their sum 

( , )c x t  we obtain   

( )
( ) ( )

( ) ( )

2
0* 0

1 0
0

0
11 12

sinh 1
, 1 1

sinh

2
, , ,

x lk c Dx xc x c
l a l

c
R x R x

l

η
τ η

η

τ τ

Σ
Σ

Σ

⎡ ⎤−⎛ ⎞= − − − − +⎢ ⎥⎜ ⎟
⎝ ⎠ ⎣ ⎦

⎡ ⎤− −⎣ ⎦

(24) 

( ) ( )
( ) ( )

( ) ( )

1
0* 0

2 0
0

0
21 22

sinh 1
, 1 1 1

sinh

2
, , ,

x lk c Dx xc x c
l a l

c
R x R x

l

η
τ η

η

τ τ

Σ
Σ

Σ

⎡ ⎤−⎛ ⎞= − − + − − +⎢ ⎥⎜ ⎟
⎝ ⎠ ⎣ ⎦

⎡ ⎤+ −⎣ ⎦

(25) 

( )
( ) ( )

( ) ( )

0
0*

0

1 2

sinh 1
, 1 1

sinh

2
, , ,c c

x lk c Dx xc x c
l a l

c
R x R x

l

η
τ

η

τ τ

Σ
Σ

Σ

⎡ ⎤−⎛ ⎞= − + − − +⎢ ⎥⎜ ⎟
⎝ ⎠ ⎣ ⎦

⎡ ⎤+ −⎣ ⎦

 (26) 

where  

( ) ( )1 2
* 1 2 01 , ,k k k l a bη η η= − − =  

(2) (1)
1 2 ,a k D k D= +  

1 2 3 4b D D D D= −  

are the coefficients defining an asymptotic behaviour of the 
solution;   

  ( ) ( ) ( ) (1)21
11

1
, sin ,ns

n n
n

R x x R e ττ π
∞

=

= ∑  

  ( ) ( ) ( ) ( 2)22
12

1
, sin ,ns

n n
n

R x x R e ττ π
∞

=

= ∑  

  ( ) ( ) ( ) (1)11
21

1

, sin ,ns
n n

n

R x x R e ττ π
∞

=

= ∑  

  ( ) ( ) ( ) ( 2)12
22

1

, sin ,ns
n n

n

R x x R e ττ π
∞

=

= ∑  

  ( ) ( ) ( ) (1)1
1

1
, sin ,nsc

c n n
n

R x x R e ττ π
∞

=

= ∑  

  ( ) ( ) ( ) ( 2)2
2

1

, sin ,nsc
c n n

n

R x x R e ττ π
∞

=

= ∑  

are monotonously decreasing in time functions;   

  ( )
( )

( )

22
2(21) 1 *

1
,n

n n n
n

k D
R s D

s
η π

η= + +  

  ( )
( )

( )

22
2(22) 2 *

2
n

n n n
n

k D
R s D

s
η π

η= + +  

  ( ) ( )
( )

( )

12
1(11) 1 *

1
1 ,n

n n n
n

k D
R s D

s
η π

η= − − + +  

  ( ) ( )
( )

( )

12
1(12) 2 *

2
1 ,n

n n n
n

k D
R s D

s
η π

η= − − + +  

  ( ) ( ) ( ) ( ) ( ) ( )1 11 21 2 12 22, ;c c
n n n n n nR R R R R R= − = −  

( ) ( )1 2
4 11 ,n nD D Dη π η η⎡ ⎤= − −⎣ ⎦  
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  ( ) ( )2 2
2 31 ,n nD D Dη π η η⎡ ⎤= − −⎣ ⎦  

  ( ) ( ) ( 1,2),i i
n ns k s i= + =  

  ( ) ( ) ( )1,2 ,i i
n ns k s i= + =  

  

( ) ( ) ( ) ( )

( ) ( )

2
1/ 2

1,2 1 1 2 2

1 2 2 2

1 2 1 2

1 1 ,
2 4

, ,

, .

n n n n n

n n n n

s

k D a b

k k k D D D

δ δ π δ

δ π δ π

⎛ ⎞= − ± −⎜ ⎟
⎝ ⎠

= + = +

= + = +

  

 Let us substitute the obtained relationships (24) and 
(25) into (18). Then the expression of the total mass flow 
across the layer is written in the form  

  ( ) ( ) ( )0 0
2

2
, , , .l pl p

c D c
J l R l R l

l l

Σ η Σρ ρ
τ τ τ⎡ ⎤= + −⎣ ⎦   (27) 

Here 

  ( ) ( )( ) ( ){ }1 2 1
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p n n n n n
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  ( ) ( )( ) ( ){ }2 2 2
2

1
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are monotonously decreasing in time functions; 

  ( ) ( )( ) ( ) ( ) ( )
1

1 2 1 2* , 1 .n n n ns s s D D Dηπ η η
−

⎡ ⎤= − = + −⎣ ⎦  

 If we substitute the expressions (24) and (25) for 
concentrations ( , ) ( 1, 2)ic x iτ =  in the formula (16), then 
we have for stress the relation   
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where   
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V.  INSTANTANEOUS  CHANGES  
OF  A  LOCAL  PARTICLE  STATE 

 (EFFECTIVE  CHARACTERISTICS) 
 
 Let us regard that the relaxation time for diffusion is 
larger than the relaxation time for the processes of particle 
transitions from state 1 into state 2 and vice versa, i.e. the 
local equilibrium distribution of admixture particles between 
states 1 and 2 in the process of their spatial redistribution is 
ascertained almost instantaneously. Then, within the time 
scale, with the condition of the equality of the chemical 
potentials, we obtain that 

  ( )2 1( , ) ( , ) 0x x x lμ τ μ τ= ≤ ≤  (29) 

for any moment .τ  
 Notice that in this case 0,J ≠  but its value is not 
already defined by the expression (11).  
 The expressions (16) for the chemical potentials are 
substituted into the equilibrium condition (29). Then from 
the obtained relationships we define concentrations 

1( , ),c x τ  2 ( , )c x τ  in terms of the sum of concentrations 

1 2( , ) ( , ) ( , ).c x c x c xτ τ τ= +  

So we have   

  

2
1

1
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( , ) ( , ),

kc x c x
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k
c x c x

k

τ τ

τ τ

=

=

 (30) 

where 1 2 .k k k= +  Adding the equations (15) for the diffu-
sion, we obtain   

  
2 2
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2 2 ,
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where  
( )1 (2)

1 4 2 3, .D D D D D D= + = +  

Under these conditions concentration ( , )c x τ  is named an 
effective concentration, i.e ( ) ( ), , .efc x c xτ τ≡  
 Substituting (30) into (16) and (31) for finding effective 
stresses and concentrations we obtain   
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Here   
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1
1 2 2 1

1 (2) (1)
1 2
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k k k

D k k D k D

β β β−
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= +
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are the effective coefficients of concentration related to 
both volume and diffusion changes.  
 Under the conditions of thermodynamical equilibrium 
relative to particle transition on the layer surface for find-
ing the solutions of the initial-boundary value problem, we 
need to substitute coefficient η  by 2k k  and 1 η−  by 

1k k  in the formulae for the concentrations, total flow and 
stresses. Then the coefficient *k  is to be assumed zero, i.e. 

*k = 0. 
 

 
VI.  RESULTS  OF  NUMERICAL  ANALYSIS 

 
 Let us show the results of numerical analysis for the 
concentrations and stresses yyσ  on the basis of the solu-
tions (24)-(26) and (28). The estimation of the correspond-
ing model coefficients was taken for isotropic poly-
cristalline bodies assuming the states of admixture particles 
on a boundary (i = 1) and in space (i = 2) of a grain as 
physically different ones. The majority of the source data 
have been taken from [1].  
 In calculations we take up K = 1011 N/m2, G = 
4⋅1010 N/m2, 1β = 5⋅10–3, 2β = 5⋅10–2, D3 = D4 = 0, l = 10–3 m. 
In this case we use the following dimensionless variables 

* 1/ 2
2 2 1, ( / ) ,k k D xτ τ ξ= =  and also the magnitudes d = 

D2/D1 and q = k1/k2 (the Henry constant). 
 Remark that parameter η  depends on the conditions of 
mass exchange with an external medium and the medium 
of subsurface layer. For example, in the case of poly-
crystalline bodies from a gas medium or liquid one, we can 
take this parameter as proportional to the ratio of grain 
boundary area and full interface area. It is possible to 
propose other variants of interpretation, for example, when 
the equilibrium distribution of admixture particles between 
states 1 and 2 is on the interface, then the parameter value 
is 2 2 .k kη =  
 Typical dependences of the total concentration and 
stress on the surface distribution of admixture particles 
between quick and slow ways of diffusion (the value of 
parameter )η  are presented in Figs. 1 and 2.  
 Figures 3 and 4 show characteristic time-dependences 
of the total admixture concentration and stresses.  

 
Fig. 1. Distributions of total admixture concentration in a layer for 
q = 2 ⋅101,  d = 5 ⋅ 10–3,  τ ∗ = 1,5 ⋅10–2;  curve 1 for η = 1,  2 –  
                η = 0,75  3 – η = 0,5,  4 – η =0,25,  5 – η = 0 
 
 

 

Fig. 2. Distributions of concentrating stresses in a layer for  
q = 2 ⋅101,  d = 5 ⋅ 10–3,  τ ∗ = 1,5 ⋅10–2;  curve 1 for η = 1,  2 – 

η = 0,75  3 – η = 0,5,  4 – η = 0,25,  5 – η =0 
 
 

 

Fig. 3. Behaviour of total admixture concentration distributions in 
time for η = 1, q = 2 ⋅102, d = 5 ⋅ 10–1; curve 1 for *τ = 5 ⋅10–4, 
                2 – *τ = 5 ⋅10–3, 3 – *τ = 5 ⋅10–2, 4 – *τ = 5 ⋅10–1  
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Fig. 4. Behaviour of concentrating stress distributions in time for  
η =1, q = 2 ⋅102, d = 5 ⋅ 10–1; curve 1 for *τ = 5 ⋅10–4, 2 – *τ = 
                         5 ⋅10–3, 3 – *τ = 5 ⋅10–2, 4 – *τ = 5 ⋅10–1 
 
 
 We lay off the function 0c cΣ  in Figs. 1 and 3 and the 
quantity in ( )0

1
a cGασ −Σ  in Figs. 2 and 4 as ordinates. Here 

the space coordinate x is laid off as abscissa. 
 Moreover, we have carried out numerical investigation 
for the dependence of distributions of both the total ad-
mixture concentration and stresses on the Henry constant q 
and the ratio of diffusion coefficients d. Their qualitative 
behaviour (with some quantitative distinctions) is in accor-
dance with the distributions shown in Figs. 1-4 for the con-
sidered interval of parameter values and q > 1 and d < 1. 
 
 

VIII.  CONCLUSION 
 
 From the above-mentioned results, including numerical 
calculations, it is clear that the distributions of the stresses 
and concentrations can differ quantitatively and qualita-
tively from analogous ones related to forbidden inter-
transitions of admixture particles between different states 
(the model of noninteractive flows: k1 = k2 = 0. The 
limiting case of instantaneous establishment of local ther-
modynamical equilibrium between states 1 and 2 (using the 
effective characteristics on the basis of equations (32) and 
(33)) is not in agreement with the obtained results, either.  
 So, in particular, if 2 ,k kη ≠  then at τ → ∞  the ob-
tained concentration distributions are substantially non-
linear because ( ), 0ijR x τ →  and ( ), 0cjR x τ →  (i = 1, 2). 
We ascertain that for small time intervals and in an area 
near the surface x = l, where admixture particle diffusion in 
state 1 is determined, the values of admixture concentra-
tions and corresponding stresses can be determined with 
satisfactory accuracy by the use of effective material 
characteristics. 

 Notice also that for small values of kinetic coefficients 
ki (i = 1, 2) 2( 2 10 ,q < ⋅  2 1)k k�  and the near initial time 
moments and under the same ratio of diffusion coefficients 
D1 and D2, the distributions of stresses and concentrations 
are in good agreement with the distributions found from the 
model of noninteractive diffusion flows. With the increase 
of coefficients ki (k1, k2 < 1; i = 1, 2) the model of non-
interactive flows becomes inapplicable. In such cases the 
obtained solutions are closer to the distributions found with 
the use of the effective characteristics or the body model, 
where admixture particles occupy only one position in 
a physically small element which is related to state 2. 
Qualitative distinctions in distributions of stresses and 
concentrations become negligible at decreasing the ratio of 
kinetic coefficients k1 and k2 (Henry equilibrium constant 
q) and the fixed coefficient 210 .d ≥   
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